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Rules and Regulations #t f 4R

. All questions are in bilingual versions. You can answer in either Chinese or English, but only
ONE language should be used throughout the whole paper.

AP EEY BB RVERNUP AR A 2ERENE-FEEY -
The multiple-choice answer sheet will be collected 1.5 hours after the start of the contest. You
can start answering the open-ended questions any time after you have completed the multiple-

choice questions without waiting for announcements.
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On the cover of the answer book and the multiple-choice answer sheet, please write your 8-
digit Contestant Number, English Name, and Seat Number.
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. After you have made the choice in answering a multiple choice question, fill the corresponding
circle on the multiple-choice answer sheet fully using a HB pencil.

FRERANE R - E R A P ROTIEY BBALR2%RE -
The open-ended problems are quite long. Please read the whole problem first before attempting

to solve them. If there are parts that you cannot solve, you are allowed to treat the answer as a
known answer to solve the other parts.
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The following symbols and constants are used throughout the examination paper unless
otherwise specified:
% FEEFUAP > FRAERRE T THRGEVEK

Gravitational acceleration on Earth surface

2
BPIie £ 4 ek B g 9.8ms
Gravitational constant
T4 ¥ B G 6.67 x 10711 m3kg'1s'2

Trigonometric identities:
ZeFERN
sin(x +y) = sinx cosy + cosxsiny

cos(x +y) = cosxcosy —sinxsiny

tanx +tany
tan(x +y) =
1 —tanxtany
. . . Xty x-—Yy
sinx +siny = 2sin cos
2 2
x+y x-—y
cosx + cosy = 2 cos cos
2 2
Xty Yy—X
cosx — cosy = 2sin 5 sin—

1 x—y 1 x+y

sinxsiny = Ecos > —Ecos >

1 x—y+1 x+y
COS X COSY = =COS —COoSs

2 2 2 2
] 1 x+y+1 X=y
sinx cosy = —sin —sin

2 2 2 2



Multiple Choice Questions (2 Marks Each) ;g # 4g8(+ 38 2 &)
1. It is given that the center of mass of a uniform semi-disc with unit radius is located as shown in

the figure below. Find the center of mass of the following figure.
1. ¢ wl =2 s aus g LR e 2l doT BATT o

A

v

0,0m

Find the center of mass of the following figure.
HITRDF e R o

1B

&, e

A = (-2 .00 = (-1.2) c.oun=(-3.2)
D.(4,V) = (-3.32) E.(x, 1) = (-1,2)

Solution:
We can decompose the system into 3 hemisphere where one of them has negative mass density.

As the radius is doubled, the mass is 4 times bigger.
_1(=1/2) + (—=1)(1/2) + 4(0) 1
v = 1-1+4 -

_1(—%)+(—1)(%)+4(%)_ 1,12y 1
Y= 1-1+4 _EAZJ_E




2. Two identical blocks with uniform mass and length L are stacked at the table edge without
falling off the table. What is the maximum overhang distance x of two blocks?

2. FFPFHHMARTEDY KRG Lok b PRI GG IHT R B
Bt < R gEdr e L5 07

. L N
i
L x |
AL B.L c.L D. 3L E.L
4 3 2 4
Solution:

The center of gravity of the top block can be as far out as the edge of the lower block. The center
of gravity of the combined blocks is then 3L/4 to the left of the right edge of the upper block, so
the maximum overhang is 3L/4.

3. A 50 kg woman stands up in a 75 kg boat of 10 m long. She walks from one end of the boat to
the other end. If you ignore resistance to motion of boat in the water and assume that the mass of
the boat is uniformly distributed, how far does the boat move during this process?

3. — =50 kg ek A b 4010 m& ~ 7O kg erdy b oo b AL - 2 A PV - 2o Aok
LAy Aok P BRI LS Y ERPT RIS A G LT BERY LM SR
A.20 m B.40m C.50m D.6.7m E.80m

Solution:

Let the center of mass of the system be located at the origin. Then the center of mass of the boat

is located at 2 m to, say, the left side of the origin, and the woman is located at 3 m to the right

side of the origin.

After the woman walks to the other end of the boat, the center of mass of the boat becomes
located at 2 m to the right side of the origin, and the woman at 3 m to the left side of the origin.

Hence the displacement of the boat is 4 m.



4. A uniform rod of length 1 m is supported at two points each by a pivot. The left pivot is fixed
and the right one is movable, and the coefficients of friction between the pivots and the rod are the
same. The initial positions of the two pivots are x = 0.2 m and y = 0.7 m from the left end
respectively. Now a leftward external force is horizontally applied to the right pivot. This external
force is gradually increased from O until sliding motion takes place. Which of the following figures
is a possible trajectory of x and y?

4. - FRERZIm 393 ELEA L SAFAES BEY o 2RI FTH Rl

2
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0.8 0.8 0.8
i

Chart Area ‘

0.6 0.6 0.8

0.z 0.z 02

0.8 0.8

1N} | 0.6

0.2 0.z

Answer: B. Since the left pivot is further from the center of mass, its normal reaction is smaller.
Hence the external force on the left pivot is equal to the limiting friction and it will slide. On
the other hand, the external force on the right pivot is less than the limiting friction and it will



not slide. As the sliding continues, the limiting friction of the right pivot decreases and it starts
to slide whereas the left pivot becomes stationary. The alternating movement continues until
the two pivots meet at the center of mass.

5. Auniform ladder of mass M = 10 kg and length L = 1 m is leaning atan angle 6 = 30° against
a step whose height is h = 0.5 m. There is static friction between the ladder and the ground but
negligible friction between the ladder and the step. What is the minimum value of the coefficient
of static friction between the ladder and ground that would be necessary to keep the ladder from
moving?

5. FEM=10kgfr&E B L=1m3 FHI AL EF R 5 h=05mfst » 25§
- B 0=30"h% & o FrIF o 2 T A BE B HRfrl BFaBiEe
LA AP BE 0 HF ok G 2 B B Glcehio ] BLF 0 9

A.0.15 B.0.25 C.0.35 D. 0.45 E. 0.55

Solution:

Let N; be the upward normal force of the ground and N, be the normal force from the corner of
the step.

Vertical force:
Ny + N,cos0 —Mg =0
Horizontal force:
—N,sinf+f =0
Torque relative to the ground,

L h
—Mgzc056+N2 — =0

sin 6
We get
_ MgLsin® 6 cos 6 2 _ Mg(2h — Lsin 6 cos” )
= 2h Ok LS 2h
Then
f Lsin? 8 cos
u>- 0.35

N, ~ 2h—Lsinfcos?0



[Another solution of this problem is obtained by noting that the three forces are concurrent. Then
the maximum angle of limiting friction can be solved by trigonometry without having to consider
the magnitude of the forces.]

6. A homogeneous cylinder of radius R and height H floats at the interface of two fluids with
densities p; and p, respectively. If p, = 4p, and the density of the homogeneous cylinder is p =
1.5p;. What is the distance h from the center of mass of the cylinder to the interface between two
fluids if the cylinder remains stationary?

6. L% R ~BRAZHOOFFRHMFLERRAS: pyfrp s BERHBA 6 o K
pz=4p; > 3 FFIHMAFTE p=15p; o KF Flt FiF#E L pF > AL oo s R
Ao cpE h 2 5 < 7

< 2R P1
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P2
AZ B.Z c.z D.Z E 2
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Solution:

Let the volume of sphere immersed in fluid p, is V; and the downward (pressure) force due the

fluid p, is F;. The upward (pressure) force due the fluid p, is F,.

I-




H
V1 = T[RZ (§+h>

H
VZ = T[RZ (5_ h)

Consider the equilibrium at the interface (if the cylinder is substituted by the fluid),

H
Fy+piVhg = pug¥mR® > Fy = pig iR (Y == = )

where Y is the depth of the fluid p;. Similarly,
H
F, = p1gYnR? + p,Vog > Fy = p1gnR?*Y + p,gnR? (E - h)
If the cylinder is in equilibrium,
FZ - Fl == pgTCRZH
We get

2 2 H 2 H 2
p19nR*Y + p,gnR (E—h)—plgnR (Y—E—h>=pgnR H

H H
*Pz(rh)”l(i”‘)”f’

(p2 + p1)H
ﬁ ———— —

2 (p2 — p1)h = pH

5
- 3p1h = §P1H —5p1H =pH

Wl o w

- h=

7. Peter is planning to sail a boat across a river. He can sail the boat at a speed of 3 ms™. The water
in the river is flowing at the speed of 5 ms™. To arrive at the opposite bank of the river with the
smallest distance downstream, what should be the angle &between the sailing direction of his boat

and the downstream direction of the river?
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A. 90° B. 121° C. 127°
D. 143° E. 149°

To arrive at the opposite bank of the river with the smallest

distance downstream, the resultant velocity of the boat has to

make the largest angle with the river bank. This is obtained by

having the resultant velocity tangential to the circle using the oSm
sailing velocity as the radius. Hence the angle is 90° +

arcsin 3/5 = 127°. Answer: C

8. Ball A is projected horizontally with velocity v = 1 ms™1 at the point (L, H) = (20m, 10m).
To intercept the ball A, another ball B is projected at the origin with velocity u = 5 ms™t. What
is the launching angle 6 of the ball B?

8. I A A% (LH)=Q0m10m)Mi#E A v=1ms I F-k T bt o ZH B3k A » ¥ -
B g Ru=5mst ARBRS BRIk B st s 08502



Pt

OB

v

A.20.7° B. 26.6° C.31.7° D. 33.9° E. 35.3°

Solution:

The problem can be solved easily by transforming into the reference frame of the ball A. In this
frame, the velocity of the B is u’ which is heading towards the A.

H
tana = I - a = 26.565°

By sine law,

u

v
= in(f0 — a) = —si 0 =31.7°
sina  sin(6 — a) ~ sin(6 — ) u e

A

v

9. Two friends Sandy and Lilian are playing a game of throwing stones. Lilian is at rest and Sandy
is throwing a stone to Lilian once every T seconds, while at the same time walking at a constant
velocity v away from Lilian (a negative v means Sandy is walking towards Lilian). The speed of
the stone in air is u > |v|. Lilian receives a stone every T’ seconds. Find T"'.



9. % BP % Sandy f- Lilian & &3e? £ g cn¥sgt o Lilian#2k 2 # > Sandy # 15 T #)
w Lilian i#k— . 780 > P PEME T R v 3 Lilian ( v &5 f Pl%& 7+ Sandy &
w Lilian 4.2 ) » FEg &z I u>|vle Lilian#® T #4&F|- L F55 - &

T o
A T =T B. T'=T”T+” C. T'=T$
D. T =T E. T =T
u+v u—v
Solution:
vT L

. e —

The time between two stones T’ = T + 2 T (u:’) T

10. Following the previous question. This time Sandy is at rest and Lilian is walking towards Sandy
with a constant velocity of v, where |v| < u (a negative v means Lilian is walking away from
Sandy). Lilian receives a stone every T’ seconds. Find T".

10. &+ 4 - iz= Sandy # . # & > Lilian “fE 23 A v » Sandy 4.4 (F v &3
f R4 Lilian & %33t Sandy) ° #/ie |v|<u o Lilian # T’ §#j85]- B F 5 o
T

AT =T B.T’—Tu—w C. T'=T$
D.T =T+ E.T’=T—

u+v u-—v
Solution:

vT’
L «—»
The time between two stones isT' =T — 2T’ - T’ = ——
u u+v

11. A massless rope is passed over a frictionless tree branch. A box of mass 12 kg is hung from
one end, and a monkey of mass 10 kg is hung from the other end. What should the monkey do to
lift up the box? (Choose all valid answers. Marks will only be given if all valid answers are the
only chosen ones.)



1. -~ REFES2BELBEDEK - BRBREFTEL12kg g+ > V- HRAPFTE
= 10kg i+ o B+ P A RERAEREF ? (GEBREMTILREEER NG A
AL RRACE- L ERONRT 4 8% Sl )

A. Climb up the rope with accelerating speed. 12 4v i e B ¥+ & % o

B. Climb up the rope with decelerating speed. 1 jfi& ek 2 % + &% -

C. Climb down the rope with accelerating speed. 14 #vi# e & = T &3 o

D. Climb down the rope with decelerating speed. 14 jg* i ik & e ™ B3 o
E. Climb with a constant speed. 1215 zi¢ B ¥ %

Answer: A and D.
12. As shown in the figure, masses m; = m and m, = 2m are connected by a string over a

massless, frictionless pulley A. The axle of pulley A is connected by a second string over a second
massless, frictionless pulley B to a mass m; = 3m. Pulley B is suspended from the ceiling by an

attachment to the axle. The system is released from rest. What is the acceleration of the mass m,?
12. 4e@l#r7 s FEA YL m=mir my=2m P Hd - Fwidi > wRBSE- B
ATE EBEORB A Ffh A dhod V- ifwRiEI FE 5 my=3maod gt
WREEEY - BRAFTE - EBEEOFEH B F#h B o RIRH A TR o kMRS

LB RFEm R R E S ?

5 5 7
A =9 upward B. =9 downward C. =9 upward

7 9
D. =9 downward E. =9 upward

Solution:



Let the tension on two strings be T, and T. And take all accelerations to be positive downward.

Since the pulley A is massless, we have

Since the length of the strings are fixed, there is a constraint about the accelerations
a1 + az + 2a3 - O

We have 5 equations and 5 unknowns and hence we can solve them and get,

4‘m1m2 - 3m2m3 + m1m3

7
a, = =-17 g (upward)

g dmim, + mymsz + mym,
13. A block of mass M = 1 kg is attached to a massless rope of length [ = 1 m which is initially
at rest. A bullet with a mass of m = 10 g and a speed of V, = 400 ms~? strikes the block
horizontally. The bullet embeds itself there and the whole system swings. Find the maximum angle
of the swinging.

13, FRZI=1mgFRR > THFE - FEL M=1kgob s » 481 o - 3F
Fim=10gF 8B E R V,=400ms 1 -k T ofmr dr b o F3HEF » B8 — AR b 2y
R ELE o R < Hd & o

7 7

%

A. 26° B. 39° C.52° D. 64° E. 78°




Solution:

After embedding, the velocity of the system becomes

mV,
m+M

v =

The conservation of energy gives,
1
E(m + M)v? = (m+ M)gl(1 — cos 0)

1 m2V¢

— 0 78
2gl (m + M)? 8

—cosf =1-
14. A 2.00 kg stone is sliding to the right on a frictionless horizontal surface at 3.00 ms~* when it
suddenly collides with an object that exerts a large horizontal force to the left on it for a short
period of time. The graph shows the magnitude of this force as a function of time. What is the
magnitude and direction of the stone’s velocity after collision?
14, - 12,00 kgeh 7 ¥t g B¥rark T 3. 00ms™ e B L8 § 7 RBRE- B
FPRBIAREF  ZPHMACERR G4 - Bo a0k T4 30281 o TRIET SR
LR ddice PRRE PR R{o™ » L H A9

F (x103N)
A
10.0
6.0 [~
> t (x1073s)
15.0 16.0

A. 1 ms™! to the left B. 1 ms™? to the right C. 7 ms™1 to the left
D. 7 ms~? to the right E. 5 ms™! to the left

Solution:

The impulse on the stone is J = = (16 x 10*)(107%) = 8Ns = —4p = mv; — mv;



A
vf=vi—;p=3—z=—1ms_

1

15. A 1 kg ball is released from rest at a height of 20 m above ground at t = 0. After 1 s, a 2 kg
ball is thrown downward with an initial speed of 20 ms™1. Find the time ¢t = T when the center
of mass of the two balls first comes to rest. The collision of the balls and the ground is perfectly
inelastic, whereas the collision between the two balls (if they do collide) is elastic.

15, & t=0 P> - B 1 kg @b chafji @ o 20 mend 4T F o 1§ x
20ms™! e Re T Y - 2 kg ek o 33 A Bt plEE O R B ATE GpF
Bot=T- &y opRid 228 ag ad Bz B (dok v PR ass

H A A -

A.2s B.1.83s C.1.79s
D.1.93s E.0.93s
Solution:

Attimet' =t—12>0,
1
) =20-2g@E"+ 1% v (t) =g +1)
1
y,(t") = 20 — 20t’ — Egt’z, v,(t") = —20 — gt’
Two balls will collide (i.e. y; = y,) at time t', where,
9

~ 220 - g)
At that time, y,(t") = 9.825m, v; = —14.1218 m/s and v, = —24.3218 m/s.

1
—gt' — 59 = —20t" > t' = 0.441s

Next, we need to find the velocity of ball 2 after collision.

mz - m1 2m1
v; = —17.5218 m/s

U, = (%)
m, + mq m, + mq
The additional time for it to hit on the ground is

1
0—9.825 =—-17.5218t" — Egt”2 —-t"=0493s
The total timeist =1+t"+t" = 1.93s.

16. Three small balls of the same size but different masses are hung side-by-side in parallel on the
strings of same length. They touch each other. The first ball of mass m, is pulled to the height h
and released from rest. The first ball collides elastically with the second ball of mass m, and the

second ball collides elastically with the third ball of mass m5 afterwards. After these two collisions,



three balls will have the same momentum. What is the value of m3?

16. =B~ 4k » FE A 2f > TRT T RPLRHRE R DR » o 4p 3 E5F -
FRFEEim % - B PR P AFNARL h L pd R o 5- B HEFE
Bmy % B IRITHEEAR  BFY B RETEL my HEZ B RiTEER

foGed @il  ZHEFRFE > myhE LS| ?

|
&
@)
[
S
m
3

1 1 1 2
A. —m1 B . —m1 D
6 3 2 3

Solution:

Before the collision, the momentum of m, is p, = myu; = my/2gh
After the first collision, the momentum of mass 1 and 2 are p, and p, respectively.

P1+ P2 = Do

pi  ps _ Dpb
+ —
2m1 2m2 2m1

m;—m 2m,

2
pP1 = ] 3 Po P2 = ) 3 Po

After the second collision, the momentum of mass 2 and 3 are p,’ and p3, we get

,_mz_mg _(mz_m3>< Zmz )
P e, T ma P2 \my +ms ) \my +my) PO

, . 2mg _( 2my )( 2m, )
p3_m2+m3p2_ m, + m3/ \my + m, Po




To have the same momentum, p; = p; = p3

m3 = §m2

and

m, —my 2m, my —m, 2 my
Po=——"—Pg 2= X2Mmy=my —mMy > My, = —
my, +msz/ \my +m,

17. An astronaut lands on a spherical planet in a distant galaxy. He throws a 2.50 kg stone upward
from the ground at 12.0 ms~?! and it returns to the ground at 6.00 s. The circumference of the
planet is 2.00 x 10> km and there is no atmosphere on the planet. If a spaceship goes into a
circular orbit 30 000 km above the surface of the planet, how many hours will it take the ship to
complete one orbit?

17. F#B 5 F %3 h AP - 3R 7E o B8 6 MiE F 12.0ms I F 0 — K
250kg T Ff 0 FEE 2 6.00s 8w P G o (FEeH% £ F 200X 10°km @ 2 (7 E

&

A F e ok - dEd gy ~BEREE B 6 30 000 km 1A gL 0 78RS F R

vl A - B ?

A. 11.3 hours B. 12.7 hours C. 13.3 hours
D. 14.5 hours E. 15.6 hours

Solution:

For constant acceleration,
v—v, 24ms”1 "
a= = =4.00 ms~
t 6s

The radius of the planet is R = —- = 3.18 x 107 m.
The mass of the planet is

M = aTRZ — 6.06 x 1025 kg
In the circular orbit
GMm mv? _ 2nr Zm“%
= —>per10dT=7=m=4.80X104s= 133 h

18. - 19. A block of mass M = 1 kg rests on a frictionless surface and is connected to a horizontal



spring of force constant k = 50 N/m. The other end of the spring is attached to a wall. A second
block with mass m = 0.2 kg rests on top of the first block. The coefficient of static friction
between the blocks is us = 0.2.

18.-19. - HFEZ M=1kght R ot g BiEanTa > T@EF - B4 ¥8k=
SON/mEF cn¥ — @RI o 52 BFEE m=0.2 kgend B0 5 — Hehgn o
Bz B Btk u, =020

Us

/

3

—
-—
p—
—
p—
—
-—
P—
—
p—
-—
-—

18. Find the maximum amplitude of oscillation such that the top block will not slip on the bottom
block.

18, Hifid g <~ Jrtg > M3 PHTF g AT H R

A.0.8cm B.3.9cm C.4.0cm

D.4.7cm E.54cm

19. If the spring is compressed to A = 10 cm and the system is released at rest initially. When
will the top block slip on the bottom block?

19, 4ok sEFARET A=10cm £ ¥ J bt # bR 0+ 2 P
BT HY FE D

R P i R e

F_&

A.0.03s B.0.17s C.0.34s
D.48s E.96s
Solution:

Consider the entire system, we have
(m+ M)i = —kx
and

x(t) = A cos(wt + ¢)



where w = /L = 6.45s71.
m+M

Next, we consider solely the top block,

mkx
m+M

psmg 2 fs = mx =

Hence, the maximum amplitude is

A=mm+Mm

X =0.047 m = 4.7 cm

Now, if A = 10 cm = 0.1 m,
x(t) = 0.1 cos(wt)

The top block will slide when

mkx(t) _us(m+M)g
m—— —usmgﬁx(t)—T—0.047m

coswt =047 - 0.17 s

20. A small ball of mass m rests on a frictionless surface and is connected to a horizontal spring
of force constant k. The other end of the spring is attached to a wall. At time t = 0, the spring is
unstretched and the ball is moving to right with initial speed u at the origin. There is another wall

mu?

at distance L from the origin where L? < 4T The collisions between the ball and the wall is
elastic. Find the time when the ball will return to the origin for the first time.

200 - BEFEEma | A g BEDTG > FRBT] - BEA GBI kR TEF L o
SBE Y - BRI c At=0F  BFEAAPV D aR AR BRI ER U

2
LB o BIEREL G S ] - G T 2 < ke B cpide ESRA R o
Fol 3 F S TR BpER




E.t = 2\/Esin_1 (5\/£>
k u\m

Solution:
Without the wall, the trajectory of the small ball is
x(t) = Asin(wt)

C.t= 1 ’m; D.t=2
2k . —1<£ £>
sin

u

where w = \/% The initial velocity of the ball is u, hence A = =

The ball will hit the wall at time ¢, where

m k m L |k
L=u|—sin| |—t]|—-t= [—sin!| - |—
k m k u.m

The total time for the ball to return is

m L |k
2t =2 [—sin7| = [—
k u.m

|
g
E



Open Problems (12 Marks Each) B *c4g (= 48 12 &)

1. The trebuchet is a medieval weapon of war — a catapult that is powered by a falling massive

counterweight and a swinging arm to throw a projectile. In this problem, we analyze a simplified

version of the trebuchet — the see-saw trebuchet (Fig. 1) It has appeared in movies such as The
Lord of the Rings: The Return of the King.
LEFHI - R eI PRE - - fad 77 s 4| T HE fofod A5 KR IPe o4 o
SO o AEBRAEY > APAP - BHIRATHLE - BEFRE (B 1) v
BNRAETHEY AR 2 HETR o

Projectile

)

Q

Counterweight

PR

/

Projectile

Counterweight

Figure 1: Systematic picture of a see-saw trebuchet
Bl 1D - BEEEFERTHOED

/-

Projectile

Beam

fixed pivot

0

%Counterweight
[

—> X

In this problem, we fix the pivot at the height h = 2 m above the origin 0. And here are the
parameters you will need:



LAY P APRABGHT AR h=2mDB R o T EAKGE L S

m = 1kg mass of projectile $2 544 /5 £

M = 500 kg mass of counterweight * §=€ 78 &

[L,=05m distance from pivot to counterweight & L 85| - i€ chjEdt
ILb=4m distance from pivot to projectile £ & Bk 3| #2541 crpE4E

(21 speed of counterweight = #r& e &

12 speed of projectile $& b4 4~ ez

¢ beam angle T =4 s & &

To simplify the analysis, assume that the beam is massless. The counterweight and projectile are
treated as point masses, and both are released from rest at the initial beam angle ¢, = 120°.

R fitatr o BRTEALEFT LD THEEfoRHFTRIBTE > X2 BT
AEg s R Ry = 120° PEEFE S P R o

(a) Find the relationship between the speed of the counterweight (v,) and the projectile (v,) at

angle ¢.
(a) 45 0T GrE (vy) fodedtdn (vy) to & B QP g B 2 [ 0B 14 o

Solution:
If the angular velocity of the beam is w, we have
171 = ll(l) and 172 == lzw

2Rt
== ===

1

v, |, 8
(b) Calculate the total mechanical energy of the system at beam angle ¢ in terms of M, m, [, [,
and v,. Assuming the gravitational potential energy of masses are zero at the initial beam angle
$o-
(D)5 Tk bk B ¢ Ben@ib it - 2 Mml, L frv, k42 o BR P54 Fi
R AR L -
Solution:

Initial height of the projectile = [, cos ¢y = —1,/2
Initial height of the counterweight = —1; cos ¢y = [, /2

final height of the projectile = [, cos ¢
final height of the counterweight = —1; cos ¢

The total mechanical energy at beam angle ¢ is



T, 1 Ly [,
E ==-Mvi +-mv; + Mg (—11 cos ¢ _E) + mg(l, cos ¢ +§)

2 2
1 1\° 1 1
E=§ M<Z_> +m v%—Mgll(cosqb+E>+mglz(cosqb+§)
2

(c) If the projectile is launched at the beam angle ¢ = 45°, what is the numerical value of the
initial speed (v,) of the projectile?

(C)4r%k Peittr & T Hrhind & 5 p = 45° P 5t > R Poitd chjedoid B (vy)cnlici& 8%
o ?

Solution:
By the conservation of energy, we have

%(M (;—:)2 + m> v = (Ml —mly) (cos ¢+ %)g

2(M1l; —ml,) (cos ¢+ %) g

(-

= 25.7ms™ !

Uy, =

(d) What is the numerical value of the horizontal range, d, of the projectile relative to the origin?
(d) RFeor Ap$430 R Bk T gl d i@ £ 5 >

Solution:

The launch angle of the projectile is ¢ and the initial position of the projectile is (x,y) =
(=l,sing,l, cosp + h).

To hit the ground, the y-component is zero.

1
0=lzcosgl)+h+vzsinq.’>t—§gt2
—-t=396s

And the horizontal range is
x=—l,sin¢p +v,cospt =69 m

2. An object with mass m is initially at rest at a distance H above ground on a smooth track, as

shown in the figure below.



2. TR 0 FEG m B A L AT RS 6 H R

The lower part of the track is circular and has radius R. It is assumed that all frictional forces can
be ignored.
BUE T INE A 0 X USE R BRG] BERY 5T A

(a) Find the critical initial height H. below which the object cannot complete the whole journey
along the circular track.

(a) TA4:B RePiRh & Ho o EadoB B NS 2TRA 3R RIF 7 i FRRE =
=R TAE o

(b) When H < H_, the object will leave the track at some point. Find H so that the object will hit
the center of the circle after leaving the track.
(b) # H<H.PF> R4 F BEAEFGE o £ H> @ 7458 A4 m fug (& B3R TR

NN




Solution:

(a) Measure the angular position of the object by the angle 6 defined in the
figure below.

Jd

Considering the centripetal force, we have
2

N+mgcosé?:mTV

where N is the normal reaction of the track.
The object will leave the track when N = 0. One can see that this is possible only when

—-90°<0<90°.
By conservation of energy, the speed v is determined by

%mv2 +mgR (1+cosd)=mgH .

Solving the two equations for N, we have

2mgH —2mgR(1+c0s6)  2mgH
- =

Hence the angular position of the point the object loses contact is determined by

2mgH —mg(?)cos¢9+2):0:cos¢9=g E—1 ,
R 3\R
where —90° < 8 <90° — cos @ = 0.
One can see that there will be no solution when

2 i—1 >1=H >§R.
3R 2
Hence H. = 5R/2. If H < H., the object will lose contact at some point.

N =-mg cosé + —mg(3cosf+2)

(b) After the object leaves the track, it will perform projectile motion. By geometry, the
launching angle is 6.



Hence the trajectory is
2

(0)
y =R(1+cos8)+ xtan e—m :
The coordinate of the center is (R sin @, R).
If the center is on the trajectory
gR*sin® @

R=R(l+cos€)+Rsin¢9tan¢9— ——
2V- cos- @
sin@  gR’sin®@ _ 0

Rcoséd+R =
cos@ 2v cos @

82
cosze+sin2¢9—w:0
2v° cos@
gRsin? @ = 2v* cos @
By energy conservation, %mv2 +mgR(1+cos@)=mgH , we have
gRsin® @ =4[ gH — gR(1+cos ) |cos &
R(1-cos® ) =4[ H —R(1+cos ) [cos @

saEERIRER e

12(H -R)* =9R?

HoRr-+ V3R
2
H=(1i§jR

B3

The solution H = (1—7J R <R is rejected because in this case 90° < 8 < 270° and

the object will never leave the track.



ﬁ} 5

Hence the solutionis H = [l+ 7 R < E R.

3. An artificial satellite falls back to the Earth due to malfunction. During its last stage just
before hitting the ground, its height is much smaller than the Earth’s radius. To avoid its hitting
the ground, a projectile is launched to destroy it, as shown in the figure below. The launching
speed u is fixed but the launching angle 6 is arbitrary. Ignore air resistance.

3. — AR FERE e E I e ARFEE G Z B EIFR B F RBE ] X

oo SEATHIMG 0§ M- FEP KHET 4T WA o

all

vB

T8

uld

i

om

(@ If r =3 km, 8 = 60", v= 500ms~ %, & = 30, find the time T taken for the satellite to hit
the ground if it were not hit by the projectile.

()% r=3km:>f=60">v=>500ms™ > a=30" dokfstt 2 i ¢ FL  KiFk
Eii oE ol W) =

(b) Find the minimum value of u and the corresponding launching angle 6 so that the projectile

can hit the satellite before it hits the ground.
(b) 5 uhd ] EfcH SR DB E 0 & TP L biFi R Fr G2 98P v o

Solution:
(a) Take downward to be positive

1
rsinf = vsina T+EgT2



Taking the +ve solution of T, we have

—vsina + +/v?sin? a + 2gr sin
ST = v - grsinf _ o ess s

(b) Since there is no relative acceleration, the simplest way is to use relative velocity.

@

From the figure, we can see that
usin(f — 6) = vsin(a + B)

=>6=pf—sin? (zsin(a + ﬁ)) — 60° —sin~!~
The magnitude of the relative velocity,
u' =+Ju? +v2? — 2uvcos(a + 6) = Ju? —v?

Alternatively,
rcosf

uT cos@ =rcosf +vlicosa=>T =
ucosf —vcosa

rsinf

1 1
Tsin@ —=gT? =rsinf —vTsina—=gT?>=>T =
whsm Zg rsinf —vlsina Zg usinf +vsina
Therefore,

rcosf rsinf

ucosf —vcosa usinf +vsina
u(sin B cos 8 — cos B sin 8) = v(sin B cos a + cos f sin a)
= usin(f — 0) = vsin(a + B)

To get the minimum value of u, the projectile should hit the satellite at time T,

r
o= T - vu?—v? = 33879

- u=604ms?!



4. There is a box A of length L = 1.0 m on the smooth horizontal surface. The center of mass of
the box is located at its middle position. Inside the box, there is a block B with negligible size. Box
A and block B have the same mass. Initially, box A is at rest and block B is located at the middle
of A and moves to the right with an initial speed v, = 5 ms~1. The coefficient of friction between
A and B is u = 0.05 and the collisions between the left and right walls of A and B are elastic.

4, XFKTEG I F- L5 L=10mefF A I atnd o Jrg -
BB(RARZ3) Afr B FE24E o Ao AF L > FHRBEAGE ¥ A3 vy =
S5ms™t L@ oA fo B FAEGEL 1 =005 BR B o A izt S BEEE L
R e s ;A

A
v

(a) How many collisions occur between the walls of box A and block B?
(a) #% B & A a2 > =tpidg ?

(b) What is the horizontal displacement of box A from the initial moment to the moment when
block B has just reached the relatively stationary position inside the box?
(b) s 4epafdz > D45 B fap BIEDApE#F L gl > 55 A kT o b ahie#

Solution:

(a) When the block is at rest relative to the box, they have the same (final) velocity v relative to

the lab frame. Since there are no external forces, the total momentum is conserved and we have,

Vo
2mv=mv0—>v=7

Since the box and the block have the same mass and the collision is elastic, the relative velocity
of the block relative to the box change sign after every collision and the block decelerates
between collisions due to the friction.



Hence, the total distance travelled by the block before it stops (relative to the box) is,

——1 2—2)(—1 255 = g 2— 5—1276
— — — — .
umgs muv, mv S m

The block collides with the box at distances 0.5 m, 1.5 m, ..., 12.5 m. Hence the number of

collisions is 13.

(b) Since there are no external forces acting on the system, the center of mass (CM) always
moves with the constant velocity v. Hence the distance travelled by the CM is

. _ Vot
X =t = —
CM 2

where t is the time for the block to decelerate from v, to v.

Consider the frictional force acting on the block, we have

1 Vg
—pumgt = mv —mvy, = —Emvo —>t=%= 51s

And

1%
Xem = % =12.76 m

Initially, B is at the midpoint of A. At distances 0.5 m, 2.5m, ..., 12.5 m, the block collides with
the right wall of the box. Hence when the block stops, it lies at 0.26 m from the right wall. So
finally it will stop at 0.24m to the right of the midpoint. Hence the CM is shifted to 0.12m to the
right of the midpoint when the block B is at rest relative to the box.

The distance of the box travelled is

Xg = Xcm — 0.12 =12.64 m

5. Assume that there are two point particles A and B in space with masses m and M respectively.
Initially, the separation between A and B is [,. A is at rest and B moves with initial velocity v,
along the line AB. An external force F is applied to B in the direction of its motion such that the
velocity of B is maintained at a constant.



5. BREBLES AP A fo B v RFRAU I mic Mo B A fo B ApiE
Sloo A B2 B ik vy i ABRMS B iEH o f - hd F nF B g b ier o
R T SR
Vo
My ____to___ Mg,
A B F

@ Ifyy < /ZZG—M what is the magnitude of the external force F when the separation between A
0

and B is maximum. (Hint: you should consider the inertia reference frame where B is at rest.)
(@) Bt vy < [P ik A B M BER < B 4 F i (A Ge Y - BB
0

S ST S

(b) Calculate the total work done by the external force F from the beginning to the time when two
particles are maximally separated.
(b) B4 4opr P AB FEEHE < pF > ¢4 F fans o

(©) f vy > /ZlG—M calculate the total work done by the external force F from the beginning to the
0

time when two particles are maximally separated.
(c) 13K vy > /ZfM DR E KB AT A B FERgEE X B 4 F e o
0

Solution:

(@) In the inertial frame where mass A is at rest initially, both A and B are moving and it is
difficult to determine to maximum separation between two masses. Instead, we consider another
inertial frame where B is at rest. The initial velocity of A is v, and the only force acting on A is
the gravity. By conservation of energy, we have

1 ) GMm_ GMm
A

Hence the maximum separation between two masses is



T, ~z"
The external force F acting on B at this point is

_ GMm _ (2GM — lyv§)*m
B 412GM

(b) We transformed back to the original inertial frame. When the separation between A and B is
L., they both moves with the speed v,. Hence, the work done is

W—(l 2+1M2 GMm) (1M2 GMm)
—\2Mo T Mo T 2o T

W = mv}

() If vy > leG—M the maximum separation between two masses is infinite. In the co-moving
0

inertia frame (where B is at rest), we have

1, GMm 1
Emvo_ =

=-—mv'i->v,= |vi-
I, 2

Return back to the original inertial frame,

2GM
Lo

Vp=Vy— V4 =vy— |V3—

when they are infinite apart. And the total work done by the external force is

1 1 1, GMm , 2GM
W=(—va +—Mv0)—<—Mv0— >:mv0 Vo — |V —
2 2 2 lo lo

5. An object with mass m is initially at rest at a distance H above ground on a smooth track, as

shown in the figure below.



5. TR 0 FE G m o hf B A AT RS 6 H R

The lower part of the track is circular and has radius R. It is assumed that all frictional forces can
be ignored.
BUE T INE A 0 X USE R BRG] BERY 5T A

(a) Find the critical initial height H. below which the object cannot complete the whole journey
along the circular track.

(a) TA4:B RePiRh & Ho o EadoB B NS 2TRA 3R RIF 7 i FRRE =
=R TAE o

(b) When H < H_, the object will leave the track at some point. Find H so that the object will hit
the center of the circle after leaving the track.
(b) # H<H.PF> R4 F BEAEFGE o £ H> @ 7458 A4 m fug (& B3R TR

NN




Solution:

(a) Measure the angular position of the object by the angle 6 defined in the
figure below.

Jd

Considering the centripetal force, we have
2

N+mgcosé?:mTV

where N is the normal reaction of the track.
The object will leave the track when N = 0. One can see that this is possible only when

—-90°<0<90°.
By conservation of energy, the speed v is determined by

%mv2 +mgR (1+cosd)=mgH .

Solving the two equations for N, we have

2mgH —2mgR(1+c0s6)  2mgH
- =

Hence the angular position of the point the object loses contact is determined by

2mgH —mg(?)cos¢9+2):0:cos¢9=g E—1 ,
R 3\R
where —90° < 8 <90° — cos @ = 0.
One can see that there will be no solution when

2 i—1 >1=H >§R.
3R 2
Hence H. = 5R/2. If H < H., the object will lose contact at some point.

N =-mg cosé + —mg(3cosf+2)

(b) After the object leaves the track, it will perform projectile motion. By geometry, the
launching angle is 6.



Hence the trajectory is
2

(0)
y =R(1+cos8)+ xtan e—m :
The coordinate of the center is (R sin @, R).
If the center is on the trajectory
gR*sin® @

R=R(l+cos€)+Rsin¢9tan¢9— ——
2V- cos- @
sin@  gR’sin®@ _ 0

Rcoséd+R =
cos@ 2v cos @

82
cosze+sin2¢9—w:0
2v° cos@
gRsin? @ = 2v* cos @
By energy conservation, %mv2 +mgR(1+cos@)=mgH , we have
gRsin® @ =4[ gH — gR(1+cos ) |cos &
R(1-cos® ) =4[ H —R(1+cos ) [cos @

saEERIRER e

12(H -R)* =9R?

HoRr-+ V3R
2
H=(1i§jR

B3

The solution H = (1—7J R <R is rejected because in this case 90° < 8 < 270° and

the object will never leave the track.



ﬁ}s

Hence the solutionis H = [1+ 7 R < E R.



