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Rules and Regulations %t & 7 Bl

1. All questions are in bilingual versions. You can answer in either Chinese or English, but only ONE
language should be used throughout the whole paper.

FrEREBYARPIER, (RAEELPMNERXFE | EEEVARIUE—ESIFE.

2. The multiple-choice answer sheet will be collected 1.5 hours after the start of the contest. You can
start answering the open-ended questions any time after you have completed the multiple-choice
questions without waiting for announcements.

BIEEIN SRR IEER —MS=1T2 IRl BIRMEEZRICTom 7 EEE | (Rl
EHNEER | MERFREAER.

3. On the cover of the answer book and the multiple-choice answer sheet, please write your 8-digit
Contestant Number, English Name, and Seat Number.

AEEEHHENEERLER L  BE RN s HFSEEIR. R, REERSRES.

4. After you have made the choice in answering a multiple choice question, fill the corresponding circle
on the multiple-choice answer sheet fully using a HB pencil.

BEEERNETER , SiSEERTER LRENERMA HB ifER2EE.

5. The open-ended problems are quite long. Please read the whole problem first before attempting to
solve them. If there are parts that you cannot solve, you are allowed to treat the answer as a known
answer to solve the other parts.

PSR - SE R AR e R T T - R A gl it EMNEEE
TEE AR AL H o -

6. All numerical answers must be in (at least) 3 significant digits.

FTABIEE R OARE 2 /D 3 [HASE Y -

The following symbols and constants are used throughout the examination paper unless otherwise
specified:

FRAERSRUIEER | BRIFSHERTIIRERIEE -

Gravitational acceleration on Earth surface
N . g 9.80 m s
HERREEIINEE
Gravitational constant G 66 10-11 gl 2
67 x 10~ Sy
FHEH e s

There is no friction in the problems unless otherwise specified.

PR SRR AR -



Multiple Choice Questions (2 Marks Each) i2IERE(ERE 2 )
The following information is used for questions 1 and 2.

AT ERAREE LR2 -

Three blocks of identical mass are placed on a frictionless table as shown. The center block is at rest, whereas the other two
blocks are moving directly towards it at identical speeds v. The center block is initially closer to the left block than the right
one. All motion takes place along a single horizontal line.

WEFTR - & =8 EMHEYRSROE R T o PRIVIESERN AR IIRRE » 1 EA R (E RS E DAH E Y 2R
v EEIERE) - PRV R ) ESEL ARG - FrA B E KPR A -

| — [] —ill

1. Suppose that all collisions are instantaneous and perfectly elastic. After a long time, which of the following is true?
1. B PArA s A SR I H 2y - 8 TRENRE - DU TR IEREY 7

A. The center block is moving to the left. t RS m £F5E] -

B. The center block is moving to the right. L0 A G4 ) -

C. The center block is at rest somewhere to the left of its initial position. S0 WESAE EW a0 B A HIN R iF

D. The center block is at rest at its initial position. B 4B AT EL WA B BE A EE LHIREE -

E. The center block is at rest somewhere to the right of its initial position. F1. Bafr Ewl4afr B A MRS 1 -

Answer: D

2. Suppose, instead, that all collisions are instantaneous and perfectly inelastic. After a long time, which of the following is
true?

2. M (e PrA HEED SRR B 2 AR - 8 TREERT - DUNRHEZ R 2

A. The center block is moving to the left. t RS m £F5E]) -

B. The center block is moving to the right. J1,0 7158 A A48 ©

C. The center block is at rest somewhere to the left of its initial position. 0\ WRefE H @4 BRI AR 1 -

D. The center block is at rest at it initial position. H0. Y Ea 1 E WA B IR EF IERAE -

E. The center block is at rest somewhere to the right of its initial position. FL0 WJgefF H#Jda M B A HIEV R I -

Answer: E

3. An object is thrown with a fixed initial speed v, at angles « relative to the horizon. At some height h above the launch
point the speed v of the object is measured as a function of the initial angle a. Which of the following best describes the
dependence of v on a? (Assume that there is no air resistance.)

3. — (SRR LAETERYRIARIEAS vy DUHSSTACPARAV AL a Hellith - (EMEREsTilm e h g - MEVREATEE v (F 1y
WA a WYRNEL o DLUTNMESRER L v B « HYRRR 27 (B2 B2ERETT - )

A. v will increase monotonically with a. v &g o BEEFRE -

B. v will increase to some critical value v,,,, and then decrease. v & 2| EEE S B Ve, @ REED -
C. v will remain constant, independent of a. v JE{RiF 8 » B o AR -

D. v will decrease to some critical value v,,;,, and then increase. v j& &/ D8 FAE EE S UE Vi - IRBIENN -
E. None of the above. DL _EZFIAE -

Answer: C

According to the principle of conservation of energy, the kinetic energy and speed of an object are solely determined by the
height h from which it was launched, regardless of the angle a at which it was thrown. Therefore, the speed (v) of the object
is independent of a.

4. In a lightweight seesaw, Albert (mass 70 kg), Isaac (mass 80 kg), and Marie (mass 60 kg) are seated in order with equal
spacing of 2 m between them. Isaac is positioned between Albert and Marie in a way that balances the seesaw. Neglecting
the mass of the seesaw, determine which person exerts the greatest magnitude of torque (relative to the center of the
seesaw) on the seesaw.

4. fF—(EESHUBERE [ - Albert ('H & 70kg) -~ Isaac (‘EH &= 80kg) 1 Marie ('E=& 60 kg) #ZIEFAL T - M A



fEIEERy 2 m = Isaac firft Albert f1 Marie 2] » i H 4ERFEEFEI A P - RHSBEBENAVEE - SEAUHE AEBese
B T SR TIRE. (AR BEBER AT L)

A. Albert B. Isaac C. Marie

D. They all exert the same torque. B {FI&hHEIHE EIHYHHEE -
E. There is not enough information to answer the question. }475 £ $01Y{E ER AIE MR -

Answer (A)

In equilibrium, we have
70(2 —x) = 80x + 60(2 + x)
= 140 — 120 = (80 + 60 + 70)x

==
=

The torque exert by Albert, Isaac and Marie are
T, =(2—x)70g = 1333N
7, =x80g = 76N
Ty = (2 +x)60g = 1257N

The answer is Albert (A).

5. A mass is suspended from the ceiling of a box by an ideal spring. The mass is given an initial velocity
and oscillates vertically while the box is held fixed. When the mass reaches the lowest point of its
motion, the box is released and fall. To an observer inside the box, which of the following quantities
does not change when the box is released? Ignore air resistance.

5. —fEY)s s —(EERE S R & T HU R b - BERR PO & EER L lg
B EicE o EVISREERESIR R - SRR T - HNa FINEESE  E8 '

THRER - IYIME &R i ? FTRESZE RS -

A. The amplitude of the oscillation JRZIEE

B. The period of the oscillation 28 HA

C. The maximum speed reached by the mass 4788 Y A S

D. The height at which the mass reaches its maximum speed #3022 i K HRIGHY S E
E. The maximum height reached by the mass Y3l 2 RV HR A =&

Answer: (B)

6. Two objects 4 and B are launched at the same time and place from ground on the Moon (no air). Object 4 is launched with
speed 10 m/s at an angle of 8 above horizon. Object B is launched with speed 10 m/s at an angle of 8 + 60° measured in the
same way. What is the distance between 4 and B after two seconds. It is given that at this moment neither 4 nor B has hit the
ground yet.

6. WiY)AG A T B [ElIRF [EIM{E HERFRIA OZAZER) 25T - Y18 4 LL 10 /s HYZRAEH PAR [A)_ELUATE 0 2841 - PIkG
B L) 10 m/s BYZRFAE[E— T [ P4R 1A _E LU REG + 60 385 - With{& 4 F1 B Z RAAVREEER 2/ 7 (Rt 4 71 B #1
VM -

A. 5m B. 10m C. 10/2m D. 10/3m E. 20m

Solution: E
Method 1: Relative Motion



A and B are under the same acceleration and so there is no relative acceleration. So the motion of B observed by 4 is a constant
velocity motion. The constant velocity is just the initial relative velocity of B wrt 4, Up /4.

A |ﬁB/A| =10m/s

|¥5] = 10 m/s v

60°

|¥4] =10 m/s

The distance is 10? X 2s = 20m.

Method 2
X4 = 20mcos 6
1
{yA =20msing — Eg(Z s)?
xg = 20 m cos(8 + 60°)
{3’3

1
= 20 msin(6 + 60°) — Eg(Z s)?

Vs = 202 + O = Ya)?
= \/400m2 (cos(B + 60°) — cos 8)? + 400m?(sin(8 + 60°) — sin §)2
= 20m\/(—2 sin(6 + 30°) sin 30°)? + (2 cos(6 + 30°) sin 30°)2
= 20m,/sin2(6 + 30°) + cos2(6 + 30°) = 20 m

7. All numbers in this question are in units of m/s and f and J are two perpendicular unit vectors.

An object consisting of two parts of unknown masses separated by a massless compressed spring moves with constant initial
velocity i. At a certain moment the spring is released to push the two parts apart. Which of the following velocities is/are
possible at a certain time after the spring is released?

7. REP AR B EE nvs 0§ R j 2 EE AR AR -

—{EIBE RS R AV BAYER 4R - Wit BRRA R oy B > S DARLERYATAG R § 88 - o8 (e 2 o g It
WA T o3 HERE © DU WIRAH 58 5 (e e 1 F 2 W 0 o Y 2R 2 FT RE Y 2

L Vy=1—],0p=—0+]
1L Vy=14+],0p=1—]
11I1. V=], =1+]
Iv. Vy=1+],05=1—-2j
A.Tonly B. IT only C. None D. IT and III only E. [T and IV only
Solution: E
By momentum conservation
(m, + mg)i = myv, + mpiy
R my mg
i= Uy Vg
my +mg my + mg
So it is possible only if
I=A0, + (1 — Dy
for some 0 < A < 1.
I ¥, and ¥y are linearly dependent and not in the direction of .
1. b=, +>7p
111. I =—7, + 7
IV.  i=28,+:7

8. All numbers in this question are in units of m/s.



A projectile loaded with explosive is launched from ground at the origin and hit the ground again at a displacement D{, where
D > 0 and { is in a horizontal direction. It is then launched again for a second time in exactly the same way but this time the
explosive explodes when it has velocity 37 — 2f, where J is in the vertically upward direction. Due to the explosion it splits into
two parts 4 and B. Denote the velocities of 4 and B just after the explosion by ¥, and ¥, respectively. Assume that each part
stops immediately after hitting the ground. Denote the final position of the center of mass after both parts hit the ground by
D¢yl In which of the following case(s) will Dy, be greater than D?

8. AEFTAE R BEALENE m/s -

— A NFEER YIRS TE AT IR 5 AR LR Ry DU pe FE B st > Hoep D > 0 Ho T Bk - (&az P lse
EHFEETERGEEET - HIE RIS TR R Ry 31 — 2] RptRIE - Hooh j BEEE R EJ5R © RIFRYIIE TR A
0 B WIEETT o 3 RIL U, F1 Vg FoIRNERIIETE A F1 B BV - BEHER AR TIRME 11 © PA Dept TR g {5
TY SRR L ORI © AELL UL T Doy &AHFR D 2

L. Uy =1—2f, Vg =4i—2j
1L Uy = —1— 6§, V5 =51
5 o= —37 p. =21—3%
III. Uy = 3],173—21 )
A. Tonly B. T only C. I only D. None E. Il and IIT only
Solution E

I: A and B hit the ground at the same time, which is the same as that of the first launch. So D, = D.

II: A hits the ground first and experiences a horizontal impulse in positive x direction. Also the total time of flight is longer
than that of the first launch

II1. A hits the ground first but experiences no horizontal impulse. However, the total time of flight is longer than that of the
first launch.

9. A 1.00-kg mass is attached to a horizontal spring with a spring constant of 10 N/m to move on a rough horizontal surface.
Let the line of motion be the x-axis and the mass is at the origin when the spring is unstretched. The coefficient of static
friction and kinetic friction are 0.40 and 0.30, respectively. The mass is initially at the origin, and is given an initial speed of
1.00 m/s in the positive x direction. What is the position at which the mass will come to a complete stop?

9. —{if 1.00 FTeHVIAG EREEIH A By 10 N/m By/KP5#EE F > WABHSH/KFRE D2E) - SVei x BliEs) -
ACAF AR AL R - ERIFF R BB (RET B £ 0.40 71 0.30 - PG H#IH AL L9 4R E 1.00 m/s
[E)1E x J5 (e S, - FYRG RISt 212 (R T & ?

A. 0.138 m B.0.255m C.0.383m D. 0457 m E.-0.726 m

Solution: A
I
> mv? = —kx® + wmgx
where x > 0.
1 1
Ekx2 + u,mgx — Emv2 =0

_ —Hmg pgm?g? + kmv?

Reject negative root,

am?g? + kmv? — pm
x = Y0 . #0138 m

Check:
usmg = 392N > kx =~ 1.38 N

10. Following question 9, what is the answer if the initial velocity is increased to 2.00 m/s in the positive x direction?

10. 4878 9 - [EEIReFIIE x 5 RIEHEEREE IIE] 2.00 m/s > AIEZEZ Ry fHEE 2
A. 0.185m B. 0.403 m C. 0991 m D. -0.185m E. -0.255m

Solution: A
_ Jugm?g? + kmv? — pemg

X, = 2 ~ 0.403 m

Check:
usmg = 392N < kx = 4.03 N



2 _ 1,
kxi = Ekxz + emg (x; — x3)

N =

where x, < x;.

1 1
Skt =5 kxz — memg Oy = x;) = 0

1

Ek(x1 +x3) (%1 — %) — emg(x; —x;) =0
1
k0 +x;) — pymg = 0

_ 2lyemg
Xp = —

—x; = 0.185m

Check:
usmg = 392N > kx =~ 1.85N

11. Two identical triangles with mass m are placed on a frictional horizontal surface. A sphere with mass M is held by the
triangles without falling, as shown in the diagram below. Consider that the surface between the sphere and triangles is
frictionless, find the minimum value of the coefficient of static friction between the triangle and the surface such that the
triangles will not slide away.

11. {EEERVE & R m N =MAP U AR IEKFE B o T ERTR - B8R M RS = AP EE A g
Y& o BRI =AY 2 M RER MR SR=MIPEER R MR E RGBS MEFE=A A &8
&

A~ B.— c.l ' E
M m 2 m+M 2m+ M
Answer: E
Solution:
Free body diagrams:
Sphere Triangle (Left) Triangle (Right)
o n N N
45 s
|
|
fs fs
n o o n
45 45
Mg
mg mg

From the free body diagrams, one writes down the corresponding Newton’s 2" Law as
2nsin45° — Mg =0 (D)
nsin45°+mg—N =0 (2)
ncos45° —f, =0 3)



Combining (1) and (2), we have

M
Tg +mg =N
Combining (1) and (3), we have
Mg
2
The coefficient of static friction
Mg
f_ = M
hs 2N = Mg ~M+2m
z

Q12 and Q13 concern the same situation below.

A mass m is hanging on a massless ring which slides through a straight cable that makes a 30° angle with the horizontal as
shown in the figure below. There may be friction between the ring and the cable. The mass accelerates along a straight line
parallel to the cable above.

Q12 #1Q13 B LA MHEEM -

HEm e EEE R b RS R 7J<M?ﬁ52 30° AV EERIEE) - W0 NEIFTR o BRAER Z AR REfFAE
JETZ@J BHEE T L SR E AR IR

12. If the angle, ¢, between the cable and the string hanging the mass is 90°, what is the magnitude of the friction between
the ring and the cable?

12 RS AGHE EHVA T Z ARV AL ¢ 2 90° - AEERISR 2 FFVEHE T AR/ NEZ /D 2

A. 0 B.mg c.=2 D. % E. 2mg

Answer: A

Normal force
from the cable

friction

Tension

The tension and the normal force by the cable are perpendicular to the motion of the ring and they
cancel each other.
Since the ring is massless, the net force acting on the ring must be zero as

-

Fooe =md=0
The net force is the friction if it exists. Therefore, the friction on the ring must be zero when ¢ = 90°.



If ¢ < 90°, the friction will cancel the component of the tension along the cable so that the net force is
zero.

13. If the mass is accelerating down along the dotted line, what is the minimum value of ¢?
13. AR E BIGE RS N - Al ¢ I/ MEZZ /D ?
A.30° B. 45° C. 60° D. 90° E. 120°

Answer: C

Tension T J

¢ = 60°

T\

When the angle ¢ = 60°, the tension is vertical. According to the freebody diagram, it is not possible to have a net force
pointing both to the right and down (the acceleration, blue arrow direction). In order to have a net force pointing to right and
down, the tension must not point vertically upward. Instead, it must have a non-zero component point to the right.
Therefore, the critical angle for the ball to accelerate down is ¢ = 60°.

14. Consider a mass m which is hanging vertically by a spring with spring constant k under constant gravity. The spring-mass
system undergoes a simple harmonic oscillation with amplitude A. The largest magnitude of net force that acts on the mass
during the oscillation is

14. 8 —W'E & m fERUEE ST A7 8k FYE e - B B ANREIRIE & A FIREEIRED - ik
AR B BV RS I By

A kA —mg B. kA C.mg D. mw?A E. mw?A + mg

Answer: B or D
The motion of a simple harmonic oscillation is described by the function
x(t) = Acos(wt — ¢)
One can obtain the acceleration of the object by taking 2" time derivative of x(t)
x
= —w?2A cos(wt — ¢)

2
a(t) = —=
( )k e
The maximum value of the acceleration is w?4 = ;A.
The maximum force is then E,,;,, = Ma,, 4, = kA = mw?A



15. A constant force F = 800 N applied horizontally to a block with mass m = 100.0 kg pushes the block up a surface that
isinclined by 8 = 15° (see figure). The coefficient of kinetic friction between the block and the surface is u;. Under the
application of the force, the velocity of the block increases from its initial value v; = 1.50 m/s to a final value v, = 3.50
m/s over a distance of d = 2.20 m along the surface. What is the work done by friction?

—BIRERYTIF = 800 N /CPHIFEAIMEE & F&m = 100.0 kg HY5HE L - B 5BEE —RHm A _E#E - sZRHE S
Rt 0 = 15° (RE) - JBREbRm < FRVBIEEERE R B we - FEZIHIERTT » JIBRRVERE (e HWR(E v, =
1.50 m/s BEAIENREAHME v, = 3.50 m/s » MOERIESE) T d = 2.20 m o EEHETIFTENTE S/ ?

A. -642) B. 286 C.-9451) D.-702) E. 4811

Answer: A
Work-energy theorem states: W;,; = AK

1 1
AK =5m (v -v?) = E(100)(3.52 —1.52) =500]
Total work done on the box consists is
Wtot = Wfriction + Wgravity + VVforce
Weorce = F dcos8 = (800)(2.20) cos 15° = 1700 ]

Wyraviey = —mg d sinf = —(100)(9.8)(2.20) sin 15° = 558 ]

g

Using Work-Energy Theorem, one has

Wfriction + 1700] - 558] = 500]
= Wfriction = _642]

16. A cubic wooden block of width 20 cm is floating on a tank of water. When we push the block from the top side and
displace it by a little, the block undergoes an up and down motion. Assume that the up and down motion of the block can be
modelled as simple harmonic motion. What is the period of the simple harmonic motion of the block? The density of wood is
600 kg/m>. The density of water is 1000 kg/m®.

16. —(HZ R F 20 cm BYAREILTREEFAE—(E/KME L o EIRAMTHETERHEZ ARSI (LA By - ARBEE b T i) -
(e ARGy L B o] DA s RS - 2 ARV IREBIEIE % /D 2 AP BERE Ry 600 kg/m® » JKHYEEE Ky
1000 kg/m3 -

A.0.11s B.1.10s C.0.08s D.0.70 s E.0.17s
Solution:
Additional upthrust:
F = —pya’zg = —kx
m a3 a
T=2m |—-=2n psz =2r 2= 0705
k Poa’g Pod

17. A rectangular block with dimensions 1.5 m X 1 m X 1 m is placed on a slope that makes an angle of 30° with the
horizontal. The square side of the rectangular block is initially put on the slope. The coefficient of static friction between the
block and the slope is 0.5. Will the block slide down the slope, topple over, or neither?

17. —E# R~ B 1.5 m X 1 m X 1 m HRITEETTBEHIIAE—(EBL/KPHERE 30° MEVRHAE » RITEHVIE TP E SR

RHE_E - J7BUAIRHE 2 AR R A8 0.5 - 32 TBREE TR E) - HESGEMEE A G4 2

A. The block will slide down the slope, but will not topple over. J7EEE ¥ T /G E) » {H AR & {HEE -



B. The block will topple over, but will not slide down the slope. JFBR&{EE] » HA T NIEE) -
C. The block will both slide down the slope and topple over. JFHREE @ 1+ T gt & {EE] -

D. The block will neither slide down the slope nor topple over. JF¥REER &£ T g8t AN & {EE -
E. Not enough information to decide. Ez{ & » HEEMEE °

Solution:

Let angle of slope is a and u is the coefficient of friction. The dimension of the block is h X a X a.

It will slide if the component of the weight of the block along the slope is larger than the frictional force.
It can be written as

tana > u

It will topple when its weight through the center of gravity does not go through the surface of contact. It
can be written as

tana > a/h
In our case,
1
tana = —= 0.577
V3

u=0.5

a/h = 0.667
Therefore

u<tana <a/h

The block will slide but will not topple.

18. A block of mass m is being pulled along an inclined surface at a constant velocity using two massless pulleys as shown in
the diagram. The coefficient of kinetic friction between the block and the surface is 0.3. What is the magnitude of the pulling
force F required to maintain the constant velocity? Assume the strings are massless and inextensible, and the mass of the block
is 0.3 kg. The angle of inclination is 6 = 30°.

18. JNMEF7R - —(EEE Ry m BYYIRS > W (I8 ) e Rt o] AR GE 2R P Bl - PIRe ARt Al < IR B S By
0.3 o M4ERFAE ZREFTRRHALT] F BIR/INEZ /D ? a2 E SR iR - YRSHVEE R 0.3 ke - VA
6 =30""

A,’j

m

A 071N B.0.74 N C.223N D.035N E.1.LI2N

Solution:



2F =mgsinf + y,mg cos 6
m
=>F = Tg(sinB + . cos8) = 1.12N

19. A man standing on a movable cart throws a ball towards a fixed wall outside the cart. The ball has an initial velocity of

15 m/s and bounces back from the wall, which the man then catches. The ball has a mass of 2 kg, the cart (with the man) has a
mass of 80 kg and is initially at rest before the ball is thrown. Find the final speed of the cart. We assume the collision between
the ball and the wall is elastic and the mass of the wall is much larger than that of the ball.

19. —{EuEAE A R B T B A (a1 B MY —SE[EERE]) T —(EEK - BRAVOIZREE Ry 15 m/s - I HAGHE LR - 2818

WHE(E - BREVEE R 2 kg > THEE (RIA) HVEER 80 kg » HAEBKGHIHEZRIRARLE » SRTPHMEFEAVERLAEHE < R

RIS BE 7 AR 208 PR - I HiEER Y B LEERAVE B RES -

A.0.366 m/s B. 0.750 m/s C.0m/s D. 0.732 m/s E. 0.375 m/s

Solution:

Let m, M be the mass of the ball, cart (with man) respectively. The velocity of the ball and the cart is v
(to the left) and u (to the right) just after the ball is thrown. The final velocity of the cart (with man and
ball) is u'.

Right after the ball is thrown:

mv = Mu
The ball bounces back from the wall. As the collision is elastic and the wall has infinite mass, the velocity
of the ball is v (to the right). Then the final momentum of the cart with ball and man is

mv + Mu = (m + M)u'
2mv = (m + M)u’

my = 0.73
Mam_ 073m/s

s>u' =

20. The rotor of an centrifuge rotates at 12,000 rpm (revolutions per minute). A particle at the top of a test tube (mounted on

the centrifuge) is 5.00 cm from the rotation axis. Calculate the effective gravity of the particle feels. Assume the effect of the
original gravity is negligible in this case.

20. @ CEEEIA Ry 12,000 #5575 - —RRAFOREVETRED - FEREEEY 5.00 cm AYRERL - FRRVZ BINVARE I R% /) ?
(s R B TTHISC BAE L E L T AT LUK

A. 62.8 m/s? B. 10.0 m/s? C. 2000. m/s?
D. 79.0 x 103 m/s? E. None of the above
Solution:

212000

2
— -2
0 ) 0.05 = 78957ms

F/m=a)2r=(



Open Problems (15 Points Each) FBEE(fBRE 15 93)

1. [15 points] A small block X with mass m initially at height h starts to slide down a ramp from rest. It collides with a
stationary small block Y on a horizontal surface, which has a mass of km for some number k > 0, as shown in the figure.
Assume all collisions are perfectly elastic and friction can be neglected in this problem.

1.[15 73] —{E#GaE AR h ~ EE R m 0/NE X (E5F (IRRERHARE TR - EBUKCPRRIE _ER# Y/ N Y A - 3%
INRY BVEE Ry km > k > 0 Bd—8E > WEFTUR o (el se @ rEny - I AR R o a] U2 EE

f -

1§

(a) [3] What is the velocity of X right before the collision with block Y?
(a) [3] X {EEAL Y WiifEE 7 Y RS 226/ 2

(b) [3] What are the velocities of blocks X and Y after the first collision?
(b) [3] 35— kil %/ NIE X A Y HYZREZ S /D 2

(c) [3] If two blocks can only collide exactly once, what condition must be satisfied for the value of k?

(c) [3] A0SR Wl N S EREFE — K > FRIEE ke A {ELLM R e (R 2

(d) [3] Suppose the value of k does not satisfy the condition you found in part (c) and two blocks encounter the second
collision. What are the velocities of blocks X and Y after the second collision?

(d) [3] a5 k BUEA TR IRAE (c) B TR EIRY R EL A (/NSRS A4 55 R » 55 KR (& /NS X R Y HYZRFE

e 2

(e) [3] If two blocks can only collide exactly twice, what condition must be satisfied for the value of k?

() [3] WIS RA{E /NSRS BERTAEE A 2K HSTEE ke BOMEL ARG e (BRI 2

Solution:
(a) By the conservation of mechanical energy,

1
mgh = Emu,% = uy =+/2gh
(b) By the conservation of energy and momentum during the collision,
muy = mvy + kmv, (1)
1mu2 = —mv2 + = kmv?
2 XX Y
= (uy — vyx)(uy + vy) = kvy
Suy +vy =1y (2)
From equations (1) and (2), we have
Uy = vy + k(uy +vy)
1-k 1-k
U T TRk T TRV

2
=———\/2gh
Yr =1y kVI

vy > |vg|
1-k

1+k

(c) If order to collide exactly once, we have

2 >|
ﬁ—
1+k
Case1:0<k<1

=>1>k>0
Case2:k>1
2>k—-1



=3>k
Therefore, k must satisfy the condition 3 > k > 0.

(d)ifk >3,
1k por<o
T Ty Ve
Block X will go uphill, return and then collide with block Y again with velocity vy = —vy = Z% 2gh > 0. By the

conservation of energy and momentum,

(—vy) + kvy =wy +kwy, (3)

v + kvi = wi + kwi
= (vxy —wx)(vx + wy) = k(wy — vy)(wy +vy)

> —vy+twy =vy+wy (4)

From equations (3) and (4), we have
Wy + k(—vy — vy + wy) = —vy + kvy
= 1+ k)wy = (k—1Dvy + 2kv,

k—1\? 2 \? 4k — (k — 1)?
WX__(k+1) 29h+(1+k> k 29h‘< A+ k)2 )Vzgh
, k—=1 2 4k—(k—1)? (k —3)(k + 1) + 4k — (k — 1)?
"VY_UX_VY+WX_<k+1_k+1Jr (1 + k)2 )Vzgh_< (1 + k)2 V2gh
<k2+2k—3—k2+2k—1

4k — 4
a1k )VZgh=(m)v29h>°

(e) In order to have exactly 2 conditions, we have 2 cases.
Casel:wy >wy >0
>4k —k?*+2k—1>0
>k?-6k+1<0
6++vV36—4
ky = — = 3+ 242
3+2V2>k>3-2V2
But we also have k > 3,

3+2V2>k>3
Case2:wy < Oandwy > —wy >0

>4k —4 > (k—1)? — 4k
>4k —4—k?+2k—1+4k >0
>k?—10k+5<0
The roots of the equation are
10 /80 c

+2v5
> +2V5

ki:
Since 5 — 2v/5 < 3, we have
>5+2V5>k>3

To summarize, two blocks will encounter exactly twice collisions if
5+2V5>k>3

2.Part 15 1 Ef9r

A ball with mass m moving towards North at speed v, hits a moving wall that it makes a 45° angle with the East and is
travelling towards West at speed v,. The ball then bounces away from the wall at speed v, at South 8 of West as shown in
the Fig. 2a. The wall is very heavy, so its velocity does not change due to the collision.

&R m ERLUEE v, (a8 - EEIBER TR 45° IV ENE - IR v [mPEREE) - AMEERLURE v, fEPHIH
IR O BRTREEIEEE - W 2a FoR o AERE > FTLERVEREEA e AR s -



Moving Wall Wall (relatively at rest)
BB B CESFE)
Rest frame of the wall

TR L AL BR 3 55E

Rest frame of the ground

SEIEIRR ARG

-z

Fig. 2a Fig. 2b

(a) [5] Assume that the collision is elastic in the rest frame of the wall. Find the speeds u, and u,, and the angle ¢ in the rest
frame of the wall shown in Fig. 2b, in terms of vy, v; and m.

(a) [5] fEREs R FEE R (AR S TP RS ERY SR wy Fl u, > DURGIEAVER IR AR RS YA ¢ > 408l 2b F
e BZED v, ~ v, AlmFEo e

(b) [4] Find angle 6 and speed v, in the rest frame of the ground (Fig. 2a) in terms of v,, v; and m.

(b) [4] SKAEHNEIAVAFE 1L AR 245 (18] 2a) HHAVAE 6 FIZEE v, - ZZEDIvy ~ vy HImFER o
Partll 25 1 T 34

Gravity Assist is a technique to achieve acceleration (or deceleration) of a spacecraft using the gravity of the planet that the
spacecraft is flying by. The drawing below shows an example of how a spacecraft launched from Earth executes a gravity
assist when flying by Jupiter to change direction and accelerate to fly far away from the Sun’s gravity.

TEIERE) ) R EA MUK SSRGERTT BV E SR E R TR A IR (BOREER ) HIRM o TFEEIR TR R
RIUR A TR B 2Tk T B2 TR B 1T A8 07 [m R TR P55 [ IR B~

TN Rest frame of the Sun
AT L BR A
‘_._.___;.z_‘ :
Reference: Flandro, G. (1966), Jupiter
"Fast reconnaissance missions to
the outer solar system utilizing
energy derived from the
gravitational field of Jupiter," el
Astronautica Acta. 12: 329-337. Spacecraft

Fig. 2¢c Fig. 2d

Consider a spacecraft executing gravity assist flying by Jupiter as shown in Fig. 2d. In the rest frame of the Sun (assuming the
Sun is absolutely at rest), the Jupiter is moving to the left at speed v,,. The spacecraft comes in at incident speed v; and exits
at speed v, (v, will not change any further) with a deflection of its trajectory with angle ¥ and ¥, is parallel to ¥,,.

BE—(E R EFPITE BRI TAINTRES » 28 2d FoR © FERIGIVER IEAAEE R rh (e e 2fF k) » RED
B vy [AI7ERSEN © FTIRESPAAIRE vy #EAKRES [JTHENPUERE v, BB (v, AN EHENE) - HEpMREmEE
A B 9, AT U

The mass of Jupiter is much larger than the spacecraft. One can assume that, in the rest frame of Jupiter, the spacecraft’s
mechanical energy (sum of its kinetic energy and gravitational potential energy due to Jupiter) is conserved when it flies by.
RERVEEEMRBKRIGS - ATLUBGEY - TEREAVFFIHAAEE R4 - fURES TR EIFAYIIRAE (HERERIARES]
TIBFEZ ) ~FHE -



(c) [4] Find the speed v, of the spacecraft when it flies away from Jupiter in the rest frame of the Sun in terms of
vy, v, and .

(C) (4] SRTR B AE ARG AF L R RS T IRBER BV Sy, » Bl vy ~ vy FlY TR

(d) [2] Given Y = 120°, find the speed of spacecraft v, in terms of v, such that the spacecraft exits at three times its incident
speed v, = 3v;.

(d) [2]1 3% ¢ = 120° » BEEEGHTR S DAH AP BRIy = (SR EEHERE v, = 3v, » SRIRES vy HYEUE - B vy T

Solution:

(a)
The velocities relative to the wall are

'l_l)l - vo’i + vlj

1
— -
U, = v, — v,

U, = /v§+v12

Since the collision in the rest frame of the wall is elastic, u, = u; = \/v§ + v# .
The angle

-
0o —
>
(%)

¢ = 45° —tan~?! (ﬁ)

51

(b)
In the rest frame of the ground, the velocity
v,
=1, + ¥
= [—u, cos(45° — ¢p) — vy T — u, sin(45° — @) j

v v
2 2 1 A~ 0 &
= |- v0+v1——voll— —j
I JVE +v? VUG + V1
= (—v; — Vo) L — v
The speed v, is \/v& + (Vo + 11)2 = V2 + 204 (v + 1)

2 2
vy + U1

The angle 6 is

4
0 = tant (22
vy + vy

(c)

In the rest frame of Jupiter, the incoming and outgoing velocities of the spacecraft are
ul = Ul - vo
U, = U, — Uy
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Since in the rest frame of Jupiter, one can assume the mechanical energy of the spacecraft is conserved,
one has
712 — |37 12
|11 1% = |u;|
= vi 4+ vE — 2vyv, cos(m — P) = (v, — vy)?

= [ \/vf + vE + 2v4v, cos(P) + v,
(d)
Fory = 120°,
U, = 3 Ve

\/vlz + vg + 2v0v1 COS(lp) + Vg = 3171

2
(\/vlz + V¢ + 2v4v, cos(l/J)) = (Bv; — v,)?

v+ v —vov; = Vi — 6V, + v
81712 - 5170171

v = _vo

3. [15 points] We consider an asteroid coming across the Earth, tracing out a hyperbolic trajectory on the x-y plane as

71 +ecos@
where r = \/x2 4+ y? is the radial distance of the current asteroid position measured from the Earth at origin and 6 is the angle
measured from the positive x-axis, as shown in the figure below. The parameters of the trajectory, £ and e, are positive
constants, which can be determined from the initial condition. For an asteroid coming at a perpendicular distance b and speed
Vjnr at infinity, the asteroid has a speed vp, pointing in the negative y-direction, at the closest point P of radial distance 7, on
the x-axis. The asteroid will then leave to infinity with its original direction being deflected by an angle ¢ if the asteroid has
not hit the Earth.

3. [15 73] BT R —FAIT EAEHIEREE - FAE x-y Pl EAEHEH — PR dharEen - H5fECh
£

"= 1+ ecoséb
Hepr = (x? + y? Z{TEERIE DI FER > REVEESE - 1 6 AIEIEE x #fEHayAfe - A NERrR - $iEiays
B M e BIEEE - AJLIEVIARRAFPHEE BN —FCHIRAERE DURE v, DU BEEREY 52 B FERE S b & T
B (TEAERSERL P A — Y vp - HASEA y J7A « M TEREEMIK - AT LUREATE ¢ BEFHMER - 2
PRFFEFERAY T -

In this problem, we have assumed the Earth is in an inertial reference frame as simplification. For the hyperbolic trajectory, we
have e > 1 and 6 satisfies 1 + e cos 6 > 0. Unlike circular motion, the velocity vector v = v,% + v, 9 is not always
perpendicular to the position vector r = r#* = xX + y9. To ease the discussion, it is given that v L (# 4+ eX), as a geometric
fact of the hyperbola. We are also given constants: Mass of Earth M = 5.97 x 102* kg. Radius of Earth R = 6.38 x 10° m.
BT - PRSI E 2S5 R P E ARG - S EREET - FefTHe > 10 H 6 /21 + e cos 6 >
0 - NMEEIPHEE » HEFE v =v2+v) WAREEANUEREr==>=x2+y9 - KT J7{ETEw - CHlv L



(F + ex) » FERHEHGRAT (AR BT - WOTBGLEE - HERAVEE M = 5.97 x 102 kg - #IBRAV-EER =
6.38 X 10°m -
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(a) [3] Suppose the asteroid is able to hit the Earth. Find the minimum speed at the moment of impact. Please ignore the effect
of atmosphere in decelerating the asteroid.

(a) [3] B/ MTEAESEEERNER - FRUEBRIGAYE NS - 55 RS ASR B MT 2T IR 2

(b) [2] Now, we are given the initial conditions that b = 10,000 km and v;,; = 20 km s™! while other parameters such as £, e
and 7 are assumed to be derived quantities. According to Kepler’s second law which is valid even if the trajectory is
hyperbolic, the trajectory sweeps out equal areas in equal intervals of time. Calculate the numerical value of the sweeping area
per unit time which should be a constant along the whole trajectory.

(b) [2] 3AE > FFIEECHMERRIER b = 10,000 km FI vipe = 20 km s > [TELANSELAN £, e Al 7 HfEUE By PIHEEAG LAY
YR - RIBFE IS ER > RIEOEE b aRaY - SUEMEA SR A R B A A - ST A
fRERRAVEIE - E(EEE e R RET E IR A -

(c) [5] With the given initial condition, calculate the numerical value of the closest radial distance 7. You may need to use the
results of last part.

(o) [S]HRIRSETERTRIAAIRM: - ST AR ERAY IR (U EEREE e AVEUE  (RATRERR EE A _E—H0 iR -

(d) [5] With the same initial condition, calculate the angle of deflection ¢p. (Hint: You can consider a point of the trajectory on
the y-axis )
(d) [S] FEAHEIETRIAHRE T > stRREAE ¢ o ($ER  IRAT IS EBEE y ol EAY—(E%:)

Solution:

(a) The conservation of energy is

Therefore, we have the minimum speed

2GM 2X6.673 x 10711 x 5972 x 1024
. = =11.2kms™?!

R 6380 x 103

which is also the escape velocity for an object on earth to escape to infinity as the time-reversed trajectory.

(b) The sweeping area per unit time is bv;,¢/2 = 101'm? /s at r - +o0. See the figure below for evaluating the area of
the sweeping area of a triangle.



(c) The sweeping area per unit time at 8 = 0 is r,vp /2 since position vector r, and v, are perpendicular to each other.
According Kepler’s 2nd law, sweeping area per unit time of last part and the one at current P point are equal to each
other:

bvinf =10,

Conservation of energy:

1, 1, GM
2% =% 5,

Eliminating v, from the above two equations, we have

1  GM 2_1+ GM \°
7 bzviznf T b2 bzviznf

Then
1 GM . 1 GM \*
e b2vk,. (b \b%vE,

The another root of negative 1 is neglected. In the current example, we have

GM

bzviznf

=1.0x10"8m™

we evaluate 1, by

1

T = =9.05 % 10°m
1.0 X 1078 +/(10-7)2 + (1.0 x 1078)2

Only 1 mark is given by writing r, = £/(1 + e) at 8 = 0 directly without knowing £ and e.

Solution: (d) This is the tricky part that we need to consider an intermediate location. We pick 8 = /2 (defined as point L
on trajectory). In this case, r = £ and ev, + v, = 0 from the geometric property of the hyperbola v L (7 + eX), i.e.
Vy _ 1

sina = = —
v§+v}2, veZ+1




v, 6t
a

v
=

Then, the sweeping area per unit time at ¢ = /2 is the same one bv;,(/2 atr - +oo:

‘v, 1
————==5 bV
Vez+1 2

1 ) 1
E{)UL sina = 3
with v; defined as the speed at point L.

Conservation of energy:

Eliminating v, from the above two equations, we have

1, 126M _e2+ 1
b2 " €2l £2 {2

e2+ 1 6M \ 1 s GM \°
= — ) == _
2 \¢ bk, bz " \b2p2

inf
q 8g g g 1 GM 1 GM
Subtracting the similar equation in part (c), (— - 2—2) ==+ (2—2) , from above, we have
Tp b Vinf b b Vinf
e? (1 1\/1 4 1 2G6M
2 \r, ¢)\n, £ b2,

From the hyperbola equation at 8 = 0, we have 1, = £/(1 + e). Substituting it into the above, we arrive

et
0= GA‘/;‘f=1.0><108m

Substituting it back to the equation of energy conservation, we have

2—1+11')2—1+ 1'OX1082—101
e T AT T 10x107)

From e, by recognizing the 6 at positive infinite r is cos™*(—1/e), we can obtain the deflection angle as

¢ =2cos™t (—é) -7

2e057 (= 775)
=2cos|——|—7

101
=11.4°



4. [15 points] In an air show two helicopters are at rest at the same height above ground at a distance D to each other. Att = 0,
one of them launches a projectile, called 4, with speed v, at an angle of 8, measured upward from the direction of the other
helicopter. At the same time, the other helicopter also launches a projectile, called B, with speed v at an angle of 8; measured
upward from the same direction, as shown in the figure below. It is given that the changes in heights during the motions of the
projectiles are much smaller than the radius of the Earth and the helicopters are very high above ground so that there is no need
to consider the projectiles hitting the ground. Ignore air resistance.

4. [15 DY E—TORITRET > WA ETHRIEE AR RS D H et mH F S 0 E - 75t = 0 B » 20T
AR - Hep—ARETRIESE S A Ry 4 B R B v, 0 (5 ARETHRAV TR A _ SRS ARy 6, - B
BE[EIRY - S5 — AR E TSR T —HGEA - F R B> BORE vg > {EE— 7R LBV SEET AR 05 - [REiLE
SR EE B LR N HEREE  HETHMEEE RS - RIS R Bt Y - A BB ZE R E T -

(a) [5] Find the minimum distance and the time when 4 and B are at this distance. Express your answers in terms of D, vy, v,
6, and 6. Find all possible answers in different cases.

(a) [5] 5% A ~ BRI NIEHER, A ~ B A EIE (ERERELIISRS « 7 D, va, vs, 0, 1 0 FEEARIVETE - HBFTA AN
FHIREEE -

(b) [5] Hence, or otherwise, find the condition in terms of v4, vg, 8, and 8, such that B will hit 4, and the time taken for B to
hit 4 after being launched, in terms of D, v, vg, 6,4 and 6.

(b) [S] 95 L - sRDIHA 57 » R E LA v, v, 04 Fl1 05 FToRHY B 8 A HIGRAE » BLKEL D, vy, vp, 04 T 65 FoRHY B
FESEES 1R B A BRI »

(c) [5] Hence, or otherwise, find 65 in terms of 8, such that B will hit 4 if v, = vy and 0 < 8, < % At what time, in terms of
D, v,,and 6, will B hit A?
© [S18& vy = vp R 0 <6, <> {BI - SBIHAMTITE » RENLL6, FRI 05 » (£1F B G 4 « $F(LLD, vy, 71 6,
FTORHY B Bt 4 B

Solution:
(a) Method 1:
d? = (D + vzt cos Oy — vt cos 0,)? + (vgtsin Oy — v,t sin 6,)2
= [(v, cos 8, — vg cos Bp)? + (v, sin 8, — v sin O5)?]t? — 2Dt (v, cos 8, — vy cos Og) + D?
= [vi + v3 — 2v,v5(cos 8, cos O + sin 8, sin 8)]t? — 2Dt (v, cos 8, — vg cos ) + D?
= (V2 + v§ — 2v,v5 cos(8, — 05))t? — 2Dt (v, cos 0, — vg cos Og) + D?
Because
vi + v — 2v,vg cos(8, — O0p) = vi 4+ vE — 2v,vp = (v, —vE)2 =0
vi + v — 2v,vgcos(d, —05) =0
iffv, = vy and 8, — 0 = 2nx (i.e., U, = V) for which we have d = D for all t > 0.
Case 1: vy =vgand 0, — 05 = 2nm, d;, = D, atallt = 0.
Case 2: Otherwise, it is a quadratic polynomial with minimum value
[2D (v, cos 8, — vy cos 05)]?
4(v2 + vi — 2v,4v5 cos(0, — 05))
_pe <1 _ (vAzcos 6, — v cos Bz)? )
vy + vg — 2v,vp cos(6, — 05)
, Visin?8, + v§sin®6p — 2v,vp sin 6, sin O

drznin = D2

vs + v3 — 2v,vp cos(8, — Og)

_pe (v, sin 8, — vp sin O5)2

vs + v3 — 2v,vp cos(8, — Og)
|v, sin 8, — vg sin G|

d_.
e V3 + v2 — 2v,v5 cos(6, — 65)
P 2D (v, cos 8, — vy cos bg)
min ) (w2 4+ v2 — 2v,v5 cos(6, — 63))
D(v, cos 8, — vg cosOg)

2+ v2 — 2v,v cos(6, — 6p)



Case 2a: If v, cos 8, = vy cos Og, then t,;,, = 0 and so d,;, is attained at ¢ ;.
Case 2b: If v, cos 6, < vy cos O, then t,;, < 0 and then d? is increasing for t = 0. Hence dp;, = d(t = 0) = D which
occurs at t = 0.

Method 2:
Alternatively, consider relative motion.
For v, cos 8, = vy cos Oy

D
Ta/p

05 — 6,4 dmin

6, VA

By cosine law,

|17A/B| = \/vj + vi — 2v,v5 cos(8, — 05)

) |v, sin 8, — vg sin Og| |v, sin 8, — vg sin G|
dmin =Dsina =D = = > >
|UA/B| \/vA + vj — 2v,vp cos(0, — 63)
D cosa D|17A/B|cosa D(v, cos 8, — v cosBy)
tn1h1 =71= = =
2 2 2
|vA/B| |§A/B| v; + vg — 2v,4vp cos(6, — 05)
For v, cos 8, < vy cos by
Vasp
o D
Va
04—05
0
dmin = D, att = 0.
For v, = Up
17A/B=6 D

dmin = D, atallt > 0.

(b) Method 1:
Adpin =0 v,sin8, = vy sinfy
The time taken is
D (v, cos 8, — vg cosOg)

2+ v2 — 2v,vg cos(6, — 6p)
D(v, cos B, — vg cosOg)

min

(V2 + vi — 2v,4V5 cos 0, cos Oy — 2V, Vg sin B, sin Op)
D(v, cos 8, — vg cosOg)

(V2 + vi — 2v,4v5 cos 0, cos Oy — v2sin?0, — vEsin?0y)
D(v, cos 8, — vg cosOg)

(v2cos20, + vicos?0, — 2v,vp cos O, cos Op)
_ D(v, cos 0, — vg cosbp)

" (v, cos 0, — vy cos )2



_ D

V4 c0s 8, — vg cos Oy

For B to hit A, we must have
+00 >t i, >0 v, cos6, > vgcosbg
In summary, the condition is
VU, Sin 64 = vg sin g
{‘UA cos 6, > vy cos by

Method 2: For B to hit 4, they must be able to reach the same height at the same time, hence v, sin 8, = vg sin 8. 4 must also
have larger horizontal constant velocity than B, i.e., v4 cos 8, > vg cos 0. t,iy is the time taken for A to travel horizontally a
distance D more than B. Hence
(vycosl, —vg cosOg)tyin =D
D

tmin -

V4 c0s 0, — vg cos Oy

Method 3: Consider relative motion

[$4/8] = vacos@, —vpcosbp

A V4 Sinf, = vg sin Op

0p 0,

For ¥, 5 to point to the right, v, cos 6, > v cos 5.

(c) Method 1:
sinf, =sinfy; =0, =6, orm—6,
cosl, >cosly =0, =m—0,
D D D

t... = = =]
min g cos@, —vgcosly  vycosl, —vucos(m—60,) 2v,c050,
Method 2:
Consider relative motion .....
|5a/5] = 2v4 cos 04
]-}B ﬁA

GB=7T—6A

64 04



