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3.1. Conservation of Momentum
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Consider that we are performing a collision experiment with two particles (not necessary
identical particles) on a two-dimensional plane, say, smooth table. If the initial velocity
vectors of the two particles were labeled as u, and u, respectively, then after collision, their
velocity were found to be v, and v, respectively. After performing numerous trials with
different initial velocities and final velocity being measured, it was found that:

(1) Ay, is always in opposite direction of AV,

2)

=constant
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We can repeat the experiment by changing different particles and we found that different
particles have different degree of resistance to change its magnitude of the velocity after the

collision. Or we can assign the proportionality constant such that:
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where m; and m; are then called the inertia mass of the particles, which is a measure of the
resistance to change the velocity magnitude during an interaction with another particle. From
this experiment, we also discover a conservation law if we define a physical quantity called

‘momentum’ by: p=mv.

e  The mathematics behind
During the collision, the forces act on each other are with the same magnitude but opposite in
direction. This is the Newton’s third law. Hence, we have

mAv, _ m,Av,

At At

m,Av, =—m,Av,
Substituting Av;, Av; and rearrange the equation, we obtain

ml(ﬁl_ﬁl):_mz(ﬁg_ﬁz) or ZAﬁi:()

That is,

mu, +myu, =my, +m,v, or Zf?l = constant
;

Example

An ant lands on one end of a floating 4.75g stick. After sitting at rest for a moment, it runs
toward the other end with a speed of 3.8cm/s relative to the still water. The stick moves in the

opposite direction at 0.12cm/s. What is the mass of the ant?

Answer:

The total momentum of the system before the ant runs on the stick is zero. By conservation of
linear momentum, the total momentum of the system after the ant runs on the stick equals

zero. Hence we can write

Patps = 0,



mgVa+msvg = 0’

Substituting v, v and m,, we obtain

Ma(3.80)+4.75(=0.12) = 0
mg = 0.15g

3.2 Collisions

Elastic collision: In an elastic collision, the momentum and the kinetic energy are conserved.
Inelastic collision: In an inelastic collision, the momentum is conserved but the kinetic energy

1s not conserved.

Example

Two particles, whose masses are 5 kg and 7 kg are moving on the same line with speed 30m/s
and 20 m/s, respectively, when they collide. Assuming that the particles couple together after
impact, find their common velocity after impact if they were

(a) moving in the same direction,

(b) moving in opposite directions.

Answer: 30m/s 20m/s
(a) By the conservation momentum, — > —
G +7)V=5@30)+720) Q Q
hence, V =145/6 m/s
Skg 7 kg

(b) By the conservation of momentum,

(5 +7)V=5(30) — 7(20) 30m/s 20m/s
hence, V=5/6 m/s —> D —
S5kg 7kg



Example

A gun of mass M fires a shell of mass m and recoils horizontally. If the shell travels with
speed v relative to the barrel, find the speed with which the barrel begins to recoil if

(a) the barrel is horizontal,

(b) the barrel is inclined at an angle « to the horizontal.

Answer:
(a) % |
“— M o——»

| " 1%

Let the barrel be recoiling with speed V. The speed of the shell as it leaves the barrel
is v — V. Before firing the shell, the gun is at rest and the total momentum is zero. By
the conservation of momentum,

m@y—-V)-MV=0.
Hence V=mv /(M + m).

(b) When the gun is inclined at angle «. The shell leaves the barrel with a velocity which
is the resultant of two components, v and V. By the conservation of momentum in the
direction of recoil,

m(vcos @x—V)—-MV=0.

Hence V=mv cos a /| (M + m).

%
— M

Example

A and B are two particles, of mass 4 kg and 8 kg respectively, lying in contact on a smooth
horizontal table, and connected by a string 3 m long. B is 7 m from the smooth edge of the
table and is connected by a taut string passing over the edge to a particle C of mass 4 kg
hanging freely. If the system is released from rest, find the speed with which A begins to

move.



Answer:
When B is in motion and less than 3 m from A, its acceleration is given be the equations
4g—-T=4a,
T =8a,

where T is the tension in the string, and hence
| A B

a=-g=327mls’
3 >
kg

/ C
Hence, when B has moved 3 m, its velocity is given by @

V= ZX&X&
3
v=443m/s,

and this will also be the velocity of the mass C hanging vertically.

The impulse in the string joining B to C when the string AB becomes taut will give a certain
horizontal momentum to B and take away the same amount of vertical momentum from C.
Hence, we may use the conservation of momentum as if all three particles were moving in the
same straight line. If v m/s be their common velocity after A has been brought into motion,

we have

(4+8+4)v=(8+4)4.43,
v=332m/s.

This is therefore the speed with which A begins to move.

3.3 Impulse

Impulse is defined as the change in momentum, e.g.
I=Ap=mv—mu=FAt
The unit of impulse is Ns or kg m/s.

Example
A particle of mass M lying on the ground is connected, by means of a light inextensible string

passing over a smooth pulley to a mass m. After the mass m has fallen through a height 4, the



string tightens and the mass M begins to rise. Find the impulse applied to M when the string

tightens and the initial speed.

Answer:

The velocity of mass m just before the string

tightens is given by “
2 _ N2
v =0"+2gh m
ie. v=42gh. h

By the conservation of momentum, we have j j
mv+M(@OQ)=mV +MV,

where V is the velocity of the system just after the string tightens.

m4/2gh

m+M

Substituting the expression of v, we obtain V =

. . . mM \|2gh
If I is the impulse, we can write [ = MV - M (0) = ————.
m+M

Remarks:
2
m-+/2gh mM \|2gh
The impulse on m = mV —mv = M8 mq2gh = _—g' Of course, it is negative!
m+M m+M

As the velocity V is smaller than v.

Example

A racing car of mass 1200 kg traveling on a horizontal track at 40 m/s, strikes a vertical crash
barrier at an angle of 30 degrees and rebounds with a speed of 25 m/s. If the direction of the
rebound makes an angle of 140 degrees with the original direction of motion, find the

impulse given to the car by the barrier.

T Barrier
<
X 10° ) 30°
2 mh 140° 40 m/s



Answer:
The velocity of car before crash:
v, =40[i cos30+ Jsin30]
=40(i\3/2+12)
=(34.647 +20 j)m/s

The velocity of car after crash:

v, =25[i cos10— jsin10]
=25(0.9848; —0.17367 )
=(24.621 —4.34 Ym/s

Now I=my,-v,)

Hence impulse received by car

=1200[(24.62-34.64) i +(—4.34-207)]
=1200[—10.02{ —24.34] ]
=(—12024i —29208 )Ns

Example
Three particles A, B and C, of masses 4, 6 and 8 kg, respectively, lie at rest on a smooth

horizontal table. They are connected by taut light inextensible strings AB and BC and
ZABC =120°. An impulse I is applied to C. If the magnitude of I is 88 Ns and it acts in the
direction BC, find the initial speeds of A, B and C.

Answer:

8 kg A =88 Ns



Let I and I, be the impulsive tensions in the strings BC and AB respectively. Since A is acted
on only by I, its initial speed u will be in the direction of AB. Since the string AB is taut, B
must have a speed u in the direction AB. Also, let B have a speed v in a direction
perpendicular to AB [this is necessary because Iy acts in a different direction to I]. Finally,
since both I and Iy, the impulses acting on C, have the same direction BC, let C have an initial
speed V in the direction BC.
Since BC is taut, the speeds of B and C in the direction BC are equal.

ucos60+vcos30=V

ul2+v3/2=V. (i)
Considering the motion of A,

4u=1I. (ii)
Considering the motion of B along and perpendicular to AB,

6u=1,cos60-1,.

6u=1/2-1, (iii)
6v =1, cos30
6v=1,3/2. (iv)

Considering the motion of C,

8V =88—-1,. (v)
Eliminating I, from equations (ii) and (iii)

6u=117/2-4u

I, =20u. (a)
Substituting from equation (a) in equation (iv),

6v = 20u/3/2
v:iu b)

V3

Substituting from equation (b) in equation (i),
u 5 3
2 J3 2
V =3u (c)

=V

Substituting for V and /; [equations (a) and (c)] in equation (v),

8-3u=88-20u
44y = 88
u=2.

From (b) v=10/\/§.



From (c) V=6.
Speed of A is 2m/s,

Speed of Bis Vu® +v* = /4+%
7

:4\/:m/s.
3

Speed of C is 6m/s.

Example

Four particles each of mass m are connected by inextensible strings. They are in the form of
square as shown in the figure. If the particle A is acted by an impulse P, find the velocities of

A, B, C, and D after immediately after the impulse.

B

Answer:




Let v; be the velocity of A, v, and v; be the components of the velocities of B and D, v4 be the
velocity of C after the impulse P is applied. Let T; and 7> be the impulsive tensions.
Impulse consideration:

For particle A: P —2T, cos45 = my,

=  P-\2T =my, (1)
For particle B: T, = mv, (2)
and T, =-mv, 3)

For particle C: 2T, cos45=mv,

and /2T, = mv, 4)
Velocity consideration:
Along BA: v,cos45=v,
= v, = \/Evz (5)
Along CB: v, =v,cos45
= \/Ev3 =v, (6)
Substitute (2) into (1) and substitute (3) into (4):
P- \/Emv2 =my, (7)

and - \/EmVS =my,

—2v,=v, (®)
After solving (5), (6), (7) and (8) for the velocities, we get
P P
vl:%, vzzm, v, =v, =0.

The initial velocity of particle A is v, = i The initial velocities of B and D are v, = ———.
2m 242m

The velocity of particle C is zero.

10



3.4 Coefficient of restitution (e)

Before u Uz
I —
(ur>uy)
I 1
_— S
After vy v

The above figure depicts two bodies. Since the total momentum is conserved, we have

miuy + mour = mvy + mpvs.

This one equation is not sufficient to calculate v; and v, and we have recourse to Newton’s
experimental law. If the velocities both before and after impact are taken relative to the same
body, then, for two bodies impinging directly, their relative velocity after impact is equal to a
constant (e) times their relative velocity before impact and in the opposite direction. e is
known as the coefficient of restitution.
vi—va=—e (u—up)

In the case of oblique impact, the result holds for the components the velocities in the
direction of the common normal at impact. The value of e has to be found by experiment and
varies from O for completely inelastic bodies to practically 1 for nearly perfectly elastic

bodies. Note that the quantities u;, u, v; and v, mentioned above are in the same direction.

Example
A smooth sphere strikes an identical sphere initially at rest. If the velocity of the moving
sphere before the impact is 2 m/s at 45° to the line of center AB, and e = 0.6, find the

velocities of the spheres after the impact.

Answer:

The stationary sphere receives an impulse in the direction of AB. So this sphere moves in the

direction of AB, e.g. V, after impact.

11



Consider the momentum of the first sphere perpendicular to AB,

m(2sin45) = mu sin

= usin@ =2 (m: mass of the sphere)

Before impact

2 m/s

After impact

>

From the conservation of momentum along AB,

m(2cos45) = mucos@+my

and from Newton’s law of restitution,

0.6(2cos45)=v—ucosf

v+ucos@=2cos45

and v—ucos@=1.2cos45
= v=1.6cos45 and wucosé@ =0.4cos45
ie. v=1.13 and ucos@ =0.283
Since usin @ :\/5, tan@d =5
6 =79° and u=144

Thus the velocity of the second sphere is 1.13 m/s along AB, and that of the first sphere is
1.44 m/s at 79° to AB.

Example

Three identical spheres are arranged as shown in figure. If sphere C is projected with velocity
u while A and B are at rest. Given that the coefficient of restitution is e for each sphere, find
the subsequent velocities of each sphere. Show also that the condition for sphere C to pass

through and beyond the two spheres A and B is e < 1/9.

12



Answer:
A A
w
w
B B
Before impact After impact

Let u be the velocity of sphere C before impact, v the velocity of sphere C after impact and w
the velocities of A and B after impact.
By conservation of momentum:

mu = myv + 2mwcos 30 = v+2wcos30=u (D)

By Newton’s law of restitution:

w—vcos30

- = w—vcos30 = eucos30 )
0—ucos30

e =

3u

Solving (1) and (2), we get v = %(2 —3e) and w= T(l +e)

Thus, the velocity of C after impact is %(2 —3e) and the velocities of A and B after impact are

the same as %(1 +e).
If the sphere C passes through and beyond the two spheres A and B, then

V3u V3

poweos30 = L2-30> Y (14e)- Y2
5 5 2

4—6e>3+3e :>e<é.

13



Example

A smooth uniform hemisphere of mass M is sliding with velocity V on an inelastic smooth

horizontal plane with which its base is in contact. A sphere of mass m is dropped vertically

from height so as to strike the hemisphere (see the figure). If the velocity of the sphere just

before impact is u, and the hemisphere is stopped deadly after impact. Show that

4= VM —em)
(I+e)m

where e is the coefficient of restitution.

\45"—> 1%

Just before impact

Answer:

u‘,/.\u sin45°
M

_..---“ﬂ450 —— Stopped

Just after impact

Consider the conservation of momentum horizontally, we have

MV = musin45cos45 — mu'cos45
1 1 1

—) (=) —mu'(—=).

V272 V2

MV =mu (

Hence, we obtain

My =M mu (1)

2 2

+ve

14



Along the line of collision, the velocities before and after collision relate the coefficient of
restitution by
—u'—0 =—e(—ucos45—-V cos45)

u'= e(—i —L)

V2 42
Hence, we obtain

M'— _i
V2

From (1) and (2), we obtain

MV =ﬂ—£{—i(u+V)j

2 2

mu  me

u+Vv) 2)

Mo+ ey,
2 2

Rearrange the above expression, the velocity of the sphere u is given by

_V(2M —em)
 (+em
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