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9.1 Gravity

Newton’s law of universal gravitation states that the gravitational force F between any

two bodies of mass m; and m, separated by a distance r, is described by

m,m,
Fo=75" F F
o—Pp «—Q
It is a center-to-center attraction between all ™ m,
forms of matter. The force of gravity between r

any two bodies varies directly in proportion to
the product of their masses and inversely with A
their separation squared.

The proportional constant is referred to as the
universal gravitation constant G. Its value is

G = 6.67x10"" Nm’kg™. Now we can write

m,m,

2
r

F=G

Example

Twin asteroids X and Y, having the same mass (M = 3.5x10"® kg) are located 3.00 km
apart. Find the net gravitational force of the spaceship when it is located at positions A

and B, as shown in figure. Given that the mass of the spaceship is m = 2.50 x10” kg.



Answer:

When the spaceship is at A: e e 1.50 km
The distance AX = AY = (3000%+1500%)"2 = 3350 m. &;.;::;‘Jf.'ﬁ..‘? .............................. G g
1500 2.6 300km :
_ -1 _ o :
The angle € = tan (—3000) =26.6". 1.50 km

. . L M
The attractive force between the spaceship and asteroid X is F =G mX > along AX.
The attractive force between the spaceship and asteroid Yis F =G V2 along AY.

But the vertical components of the two attractive forces are of opposite direction and
equal in magnitudes, they counterbalance each other. Hence the net force is

summation of the two horizontal forces.

M
F, = Gm—zcosﬁ + Gm—zcosa
' AX AY
M
F, = 2Gm—20089
' AX

(2.50x107)(3.50x10")
3350°

F, =2(6.67x10" )[ }os 26.6° =9.30x10° N

When the spaceship is at B:

mM

The attractive force between the spaceship and asteroid X is F' =G T along BX.
. . . . mM
The attractive force between the spaceship and asteroid Yis F =G V2 along BY.

Note that they are of the same magnitude but opposite in direction, hence the net force

acting on the spaceship is zero.

9.2 Gravitational field

Gravitational field is defined as the gravitational force per unit mass at a point, in
terms of a test mass, due to the earth. It is a directional interaction between particles.

And, the point of view is called action-at-a-distance.



where r is the distance of the test mass from the center of earth (r > R).

The unit of gravitational field is the same as that of acceleration, i.e. N/kg, or ms™.

When r <R, the gravitational field g is proportional to the distance of the test mass
and the center of earth. When r ~Rpg, the gravitational field g is approximated by a
common value 9.81 ms™. It is quite often to use this value in our calculations, as a few
meters or even few kilometers alter the value of g not much. When r >R, the curve is

an inverse square law.

Remark:

Shell Theorem #1:

A uniformly dense spherical shell attracts an external particle as if all the masses of
the shell were concentrated at its center.

Shell Theorem #2:

A uniform dense spherical shell exerts no gravitational force on a particle located

anywhere inside it.



When r <Rg, we observe a linearity in the graph and it can be explained as follows.

By the Shell theorem, the masses outside the test mass give no force to the test mass,
. . . . . 4 3
the gravitational force is solely resulted from the remaining mass (M 257” pP).

However, the mass M can be regarded as a point mass which locates at the center of
earth, hence can express the gravitational field as
4 s
eu CGFP) 4 M,
g=—3= > :§G7Z'r,0:§G7[r(4 )= r.
— 7R,

r r

Example

If g’ is the acceleration due to gravity at a distance a from the center of the earth,

where a > Rg, Rpbeing the radius of the earth. Show that g’ relates to g by

' R2
§="—38
where g is the acceleration due to gravity at the surface of the earth. Show further that

if a is located a distance & higher than the surface of the earth, then

2h
=(1-—)g.
g'=( RE)g
Answer:
. GM .
Since g'=—7>— and g =—-, we obtain
a R;
_ R
8= a2 8
R; R; h
As a = Rg+h, we have g'=—2¢ = E—g= g=>1+—)"g.
a (R, +h) h ., R

E
If 4 is very small compared to Rz, we can neglect the higher order terms after
expanding the series. Hence we can write

2h
g=0-—)g
RE



When 4 is extremely small, #/Rg approaches zero. That’s why we quite often

approximate g’ by g.

Example

Suppose a tunnel could be dug through the earth from one side to the other along a
diameter. A particle of mass m is dropped into the tunnel from rest at the surface.
(a) What is the force on the particle when it is a distance r from the center?
(b) What is the period of the particle in the tunnel?
() What is the speed of the particle when it is a distance r from the center?
(d) Evaluate the speed at r = 0.

Neglect all frictional forces and assume that the earth has a uniform density.

Answer:

(a) According to the shell theorem #2, we conclude that
the gravitational force on the particle is due to that portion
of the earth lies inside the sphere of radius r. From shell
theorem #1, we know that the sphere enclosed by the radius

r can be regarded as a particle of the same mass of the

sphere.
_ GmM . L : .
The force on the particle F = mg = -—r. (g is obtained in the previous section)
E
= GmM , . GmM
(b) In vectorial description F =— n —=7 , that is k= m3 E  Hence, the

E

RE
: . . k GM , . . .
particle moves in S.H.M with o = .| — = R The particle moves with period T
m E

o R \/ (6.37x10°m)>

I'=—=2rx =2 11 2 2 24
@ GM ., (6.67x107 Nm~ /kg~)(5.98x10" kg)

= 84.3 minutes.

(©) By the conservation of energy: Ks + Us = K, +U,

We have O+lkR§ :lmv2 +lkr2.
2 2 2



M
After solving, v = \/E(Ré —-r’) = \/%(R; -r).
m E

E

(d) Plug in r = 0, we obtain the velocity of the particle at the center of earth

—11 2 2 24
L [om, :\/(6.67><10 Nm? kg 6)(5.98><10 K8) 2 015 10° m/s.
R, 6.37x10°m

9.3 Gravitational potential energy

The gravitational potential energy of a system consisting of a mass m and a distance r
from the center of the earth is

M .m

r

U=-G Unit: joule, J

where M is the mass of the earth. The negative sign represents the attractive nature of
the gravitational force. And, U represents the work done of the attractive force to
move a mass m from a point » measured from the center of the earth to infinity. Note

that U approaches zero as r approaches infinity.

9.4 Satellite orbits

The centripetal force for the satellite to run its orbit can be provided by the

gravitational attraction.



= 5 Satellite

2:GMEzGMER_g= R

2
r R, r r

1%

Given that the earth’s radius is 6400 km and the orbit of the
satellite is 200 km from the earth’s surface, then :
r = (6400 + 200) km = 6600 km = 6.6x10° m

(6.4%10°)2

R2
v’ =9.81(—%) =9.81x -
r 6.6x10

v=8kms™'

The time for the satellite to make one complete orbit of the earth is

_2rr

T
v

T = 86 minutes

Example
A satellite is moving in a circular orbit of radius R and has a period of 24 hours. What

is the period of a satellite which moves in a circular orbit of radius R/4?

Answer:
The centripetal force of the satellite is given by the gravitational attraction. Hence, we
can write

GMm

mw*R = R

Satellite

where m and M are the mass of satellite and the earth
. 2z .
respectively. As T =—, the above equation can be
0

rewritten and expressed in terms of the period 7, e.g.

27, GMm
m(—)"R= . 1
( T ) e (D
When the radius of orbit is R/4, we have
27 , R, GMm
fnihlh Gkl QP 2
m ) =T @) Orbil

<) N



where 7" is the new period.
Divide equation (1) by equation (2), we have T"'= % Plugging in T = 24 hours, we

obtain 7’ = 3 hours.

9.5 Launching a satellite

The satellite can escape from the earth, whenever it has enough energy. Note that the
potential energy of the satellite is zero when it escapes from the earth.

) r —> oo
" PE.=0

Satelli te

Earth

2 R,

2GM GM
V:\/ £ :\/2( RzE)RE =./28R,

RE E
Plugging in the radius of earth Rz = 6.4 x10° m and the gravitational acceleration at

the earth’s surface g, we obtain the escape velocity v =11 kms™.

9.6 Mechanical energy of a satellite

Consider a satellite moving along a circular orbit with tangential velocity v at a
distance r from the center of earth. The potential energy of the satellite is

U(ry=-Mem
r

The total mechanical energy = K.E. + P.E. = K.E. + U(r)



1 M
Hence we have E =—my* — GM ;m )

r

But the centripetal force is provided by the gravitational attraction

mv>  GM ,m

r r2

which gives the velocity v, i.e. v’ = £ . Finally, we obtain the total mechanical

’
energy
E:lm(GME)_GMEm :_GMEm
r r 2r
Example

A satellite, orbiting at an altitude of two earth’s radii above its surface, launches an
equipment of mass m toward the earth’s center with a speed of v = 525 m/s. With
what speed vydoes the equipment enter the earth’s atmosphere (a distance of 4 = 100

km above it’s surface)?

Equipment. i‘galellzte
Ky

£ orbit

Answer:



By conservation of energy, we have K, +U, =K, +U . Thatis

Plug in r; = 3Rg, and ry = Rg+ h, where h = 100 km, we have

1 GM;m 1 , GMm

V; my;
2 3R, 2 R, +h

11 GM

Thatis v; = v} —2GM ,( ), where v =v* +

3R, R,+h 3R,

Plug in the data for G, Rg, Mg and h, we obtain the velocity of the equipment when it

enters the atmosphere, v = 10.1x10%my/s.

Example

If the minimum speed for a projectile to escape from the earth is v; and the orbital

speed of a satellite circling close to the earth is v,. What is the ratio of v; to v,?

) I —> oo
" PE.=0

Satellite,

Pl

vV

Earth

r=R,
pE —_SMm
RE

(a)

Answer:

To obtain v;, we have to consider the conservation of mechanical energy as shown in

figure (a).

10



where the term, —

, is the gravitational potential energy. Now, the escape

2GM
velocity is given by v, = R E.
E

On the other hands, the circular orbit (figure b) is maintained by the centripetal force

which is in turn provided by the gravitational attraction

2
mv, GM m

R, R;
GM
Hence, the orbital speed is given by v = 2 £
E
V2
As aresult, % =2and v, :v, =2:1.
Vs

9.7 Kepler’s laws

Kepler announced his laws about planetary motion in 1609 for the first two laws and
in 1619 for the third law.
(a) Each planet moves in an ellipse which has the sun at one focus.
(b) The line joining the sun to the moving planet sweeps out equal areas in equal
times.
(c) The squares of the times of revolution of the planets (i.e. their periodic times 7)

about the sun are proportional to the cubes of their mean distance r from it (i.e.

3

r
F = constant ).

Example

11



A satellite moves around a planet in an elliptical S

orbit. What is the ratio of the speed of the satellite at P 3
r r
a < b
point a to that at point b? \_/
Answer:

By the conservation of angular momentum, we have
low, =1a,,
where [, and [, are the moment of inertia of the system about P at positions a and b

respectively.

) v V
Now, we can write mr. (—%) = mr, (-2),
ra rh

which gives v—"zr—bz% That is, v, : v,=3: 1.

v, r,

a
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