1
Note: The marking scheme is intended for grading when the final answer 1s wrong. If the
final answer is correct, full mark should be given regardless of the procedure.

PART
Q1 (8 points)

. : . 1 . 1
In a general variable g, if the potential energyU/, = anz , and the kinetic energyU, = qu‘z ,

then we have frequency @ = J% .

(a)
L 3 1.3 .
U, = mgL(1—cos&)+ mg-2—(1 ~cosf) = EmgL(l —cosd) = E(E mgl)& , (1 point)

U, = Lmper + 2167 = L &m0 here I =~ ml?. (1 point)
2 2 23 3

3 4 a 3 g )
Thena = ~mgL, db=—-mL2,thenaJ="-—=—1’—. 2 points
enda 2mg an 3 b 2\5 7 (Zp )

Altemative solution:

I =ml? +% I’ =%mL2 . (1 point}

Torquer = mgLf +%mgL6’ = %mgLG = K& . (1 point)
K _[33mgl __3 JE .

= |o— = - = . 2 i

v \{? 2.4mi} 22 VL (2 points)
(b)

2
U = d [ L + 2 ]
P Ame,\x+06x L-x-0x

_q [(L. 2 )_[iz-— 2 2)§x+[—13-+ 2 3J5x2].(1point)
dmey |[\x L-x x* (L-x) x {L-x)

2

2 . .

By properly choosing zero-energy as l i+ , and making coefficient of dx zero
Ame\ Xy L—x,

to find the balance point xo, 1. €., iz ——2—2 =0=x,= (\E -1 L, we have
x, (L-x,)
2 2
-4 L — 2 = [6x7 =(—2i¥@i5x2 . (1 point)
76| (V2-1) £ (1-(V2-1)L) 8L e,

U, =%m55¢2. (1 point)

1
4 § | 24 2)g’ 2
Then,a:u@— and b=m. @= |~ = (—~—+}7—\/_)i =1.96 ——éq—.(l point)
4xl’e, b 2L meym L'me,

Altemnative solution

2
Force F = A iz— 2 - 1. (1 point)
dre,\ x° (L—x)

Balance point at =0, x;, = (\E —1)L. (1 point)
1
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2

. dF g’ 1 2 q _
The elastic constant K = ~—| __ = + =3.82——. (1 point
dx = 27e, L’ {(\E ~1y° (2—\5)2] &, (1 point)

2
a;="£=1.95 ’ g - - (1 point)
m €L

Q2 (9 points)

Relativistic total energy is E =+f p°c’ +m’c* (1 point)

Here mc? is the rest energy. The kinetic energy is given by K =4/ p’c” +m*c’ —mc* . (1
point)

1
So the momentum is p = —J(K +mc’) —m'ct = 1\/1(2 +2Kmc* . (1 point)
C (4

() K <<mc’, s0

p =1J2mc2K =l\/2><0.511><10*S =1.0x10" MeV /¢ . (2 points)
[ C

(i) p =1JK2 +2mcK :l\/1+2><0.511 =1.4MeV /c. (2 points)
¢ ¢

(iii) K >>mc*. p =~E =1.0x10°MeV / c. (2 points)
c

Q3 (8 points)
(a) Let one cable carry line charge density A, and the other carry ~A . Choose the line joining
the cable centers as the X-axis and choose x = 0 at the middle point between the cables, the

1 1 .
total electric field on the X-axisis £ = A ( + } (1 point)
2re\d/2+x d/2-x

The voltage difference between the two cables is

d12-R d12-R
V= J E dx= A {ln[iﬁ-xl—ln[i—x]] =ih1{———d_R}=iln(i]. 2
—{di2-R) 27e, 2 2 iy " R me, A\ R

points)

= % =7€e, /In [%] . (1 point)

(b) Employ the method of image charge, the electric field is £ = A [ ! + ! ] The
2rey\d+x d-—x

voltage difference is (1 point)

a
v= [ E-dx= - [In(d+x)-In(d-x)] , = 4 m[Zd‘RJ: A m{i‘i] @
(AR 27e, =R Dre, R 27e, R
points)

C =2re, fln[%) . (1 point)

Q4 (10 points)
(a)
(i) The force of plate-1 on plate-2 is determined by the field generated by plate-1 only. Apply
Gauss law to the conducting plate, with a pillbox boundary for §f E - ds = 2 .
5 £,

0
Since we are only considering the field of one plate, which is the same on both side of the

plate, the field is then E = —2~o—-~20. (1 point)
g

o
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One can also use integration to calculate the field directly.
o = 2arldr -o L o

] = o=

Tame, 0 (B4ry” 26, (L+r)R 0 2g,

2
The force per unit area is I = 22-— z, - (1 point)
%
(ii) The total electric field is the superposition of the field generated by the two plates. The

field between the plates 1s E=Z 7,. Outside the plates the field is zero. (1 point)

o
(iii) The work done on an area 4 of the plate is
2
A
SW = AF -6D=2"-5D . (1 point)
&

(iv) The volume of the space where the field is non-zeto is decreased by AS8D . Let the energy
density of the field by H. Then the energy stored in the field is decreased by HA6D . By

2 A ) 2
9 2 5D. So the energy density is given by H = o 1 &E",
2¢g, 2g, 2

energy conservation, H46D =

which is positive. (2 points)

(b) )

(i) Gauss law for gravitational field4p g -dS = 42GM
5

In the same way as part (a), we have g = 22GoZ, (1 point)
The force per unit area is F = 27Go”Z, . (1 point)
(ii) The field in the space between the plates is zero. Outside the field is g = 4zGo

(iii) 6W = AF - 6D =22Ga” 45D . (1 point)
(iv) The volume of space where the field is non-zero is increased by ASD . The energy stored

2 2
in the field is decreased by —HASD . So H = -2xGo™ = —27:6343'7)2 = —%f—G .2 points)
iy 7

Q5 (5 points)
A homogenous sheet with n > 1 is incorrect. Possible solutions are given below. Any other
ones that are correct in principle should also be given full mark.

TIITTITLL e '
M /(;)\.

Q6 (10 points)

(a) PV" =C= NKTV""' = C, (1 point)

Then®, /T, =1,/T, = (¥, /V,Y". (1 point)

(b) Internal energy of ideal gas isU = N¢, + Ne, T, (1 point)

k
Then Q=AU = Nc, (T, - 1)) and¢, = 1 (1 point)
}/_
Work is

W= [PdV= fev7av= £ 7 (1 point)

1-y
Forpath A: C=C, = B¥J = NkT¥; ™, and for path C: C=C,. = BV] = NET,V}™' . Then we
have



C, py vy, N[ (VYT W

W, = _},(V2 4 )l_f;LI_LFEJ JTI T—y(T 7,) (1 point)
Coprs v N (VNTY

We=-1 Cy(Vz -V __ELPLZJ JTZ— y(TzuT)(lpomt)

Then
W, /1Q=—(T-T)NT,-T),and W, /Q=(T,-T,)/ (T, - T}) . (1 point)

(©
W, +W _(L+T)-(G+T)

T,-T, , {1 point)
( V AN A N
or n=—-—1- ’ 1- L ') . (1 point)
CV(l 2 Y,
PART II
Question 1 (10 points)
Solution:

(a) The total energy is much larger than the rest energy. So the answer is ‘1’, 1. e, the
neutrino is moving at speed very close to that of light. (3 points)

(b
E —E, =+p*c* +mic’ —\/pzc2 +mic* (1 point)
2 4 24 22y 4 2 4
:pc(l—lm'c )—pc(l»—{mzc )=l(m1 m)c _1Aame (4 points)
2 pc 2 pc 2 pe 2
h __ 2Fch . (2 points)

- |E,—E, | - Amit
If the expansion is done in (¢} instead in (b), full mark should still be given to (b).
2Pch

(¢) From expression of T in (b), we have Am’ = R (1 point)
. heE
Substitute P=E /¢ (1 point) into above: Am’c* =2—Tc~—.
c

On the other hand, ¢7/2=2R,,, , (1 point)and R, =6 x10°m. (1 point)
2hcE 100x10°x1.24x107
4R, 2x6x10°

Note: Any answer within the given range should get full mark.

=(1.0%0.5)x107° eV>. (1 point)

Then Am’e’ =

Question 2 (15 points)

Solution:

(a)

(i) The impulse perpendicular to the pathis/ = IF L(t)dt = I F(fycosB(t)dt. (1 point)

tan & = x/b and x = vt, we then have dtzldxzéd(tanﬁ)-—-ﬁ 12
y v v cos” @

72 GMmb

by
The impulse along the path is

I, = j F,(t)dt = jF(:)sm O(t)dt =

sé’d6'=2G

Then/ = J iy (1 point)

sinfdf =0 (lpomt)

-2

GMmb
by '[

4



. 2 .
(ii) p=mv, then &= L_ GT{ . (1 point)
p by
(b)
. . . 1.4x%10° 3 .
(i) The angular diameter of the sunis8, =R /d = [5210° =9.3x107. (1 point)
Sx
(i1} Correct drawing (2 points) -
(iii)
-1 30
59226Mﬁ2x6.67><10 x2x10 ~2.1x107

Rc® 1.4x10°x(3x10%)?
{4 points)
The angular distance is then 8 = 26, + 266 =2.280x10" (1 point)

sum

(iv) No, because the sun is too bright. (1 point)
(v) No, because the angular diameter of the moon would only be half of the sun. (1 point)

Q3 (20 points)
(a)

G F, = XX, + yy, +(z —d)zZ, 9. XX, + ¥y, +{z+d)z,

[xz +y +(z—d)’ ]3;2 & [x2 +y +(z+d) :Im

= XX, + ¥, +(z—d)Z,

q,,z>0. (0.5 points)

27F s 2 532 (i+Q1)=Z<0- (0.5 points)
[x +y +(z—d)il g

1

Full marks should be given if Z appears in the above answers.

<y
B,=e,B, D, =&F
Dr=Dr=eq,—qg=—c| L+ 1) (0.5 point
1 2 &g, — 4 =& . q, (1) (0.5 points)

1
E'=E! =¢q,=¢ (2) (0.5 points)
Solving (1) and (2), ¢, = ¢, = [ﬂj [i]. (1 point)

&§+& N\ &

y d 87d .
(i) o =47(E —E})=4r ———=% (gz—i+i+q1) = il —57 - (1 point)

[x +y +d] & 4 [x +y +a'}

Full mark should be given if £, instead of 4z is given.
(iii) & =¢,, g, =¢, =0. No interface and no image charge. (1 point)

(iv) q,=¢q,= 4L E, =0, no electric field in perfect metal. E, is determined by an image
1

charge g, = ~ 4 andareal chargei . {1 point)

\ &
(b) ) )
] ~ - ~ = = -~ B e :
(1} D,=¢,E,.—pB,, D =gk, H,=—+pE, , H=—.
Hy M
- X+, +(z—d)z, X v 4
E =257 (z-d)z g HU+W0+(Z+d)i?2 g,,z > 0. (1 point)

l [x2+y2+(z~d)2]m & [x2+y2+(z+d)2]
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Ez _ XX, + ¥, +(Z‘“d)2(} (i+q]),240. (1 pOiﬂt)

¥z

[x2+y2+(z—d)2] &

XX, + Yy, +(z +d)Z,
32

BL:[ 2 2 2

Xyt +(z+d) |

- XX+, +(z—d)Z, )

= 20 J;y" ( 2)3?2g1.z<0.(1 point)
[+ +(z—d) ]

At z = 0, apply the boundary conditions.

g,,z>0.(1 point)

(i) B! =B;

= dz — -g,4z .

B = 2 gzz ) T ;= 2 ; 02 77— 81778 (1). (1 point)
[x +y +d'] [x +y° +d ]

i) O =Dy

bt —qdz, + £,4,42,

3z *

T [x2 +y? +d2:|3,.-2 [xz +7 +d2]

q
——+ 91}62‘7&-0
DJ_ [‘5'1 + Begdz,

T [ 2%+ +d2:|3”2 [x*+y° +a’2T2 '

So gl'?z—qzﬁg] — & [é‘i‘*‘glj (2). (1 point)
1

(iiiy £ = E

ol X%, + Vo ' XXy + Vo g
- ! 32 42
l I:x2+y2-i-a’2:|32 & [x2+y2+d2j|
] x;_é + v
il’f: 2 yyﬂ 32 (i""h)
2 2 2
[x +y +d:| &
So g, =¢, (3) (1 point)
(iv) H' = H]
ﬁ-"*’z_%i: Mt Wo &
i | 2 7 9 32 ?
A [x +y +d H
—, B X, + XXy + VP
Héfz_z*'ﬁE; = Mo T 373 By ; 02 yyoz ) ﬁ(i"'%)-
Hy [x2+y2+a'2] H, [x +y +d:| &

sof2-8,8%,4) (4. (1point)
Ho M &
Putting (1) — (3) into (4), we finally get

R RUAR A T _
q'_qzP[(e:]+.92)(1;’,u]+1fp2)+ﬁ2J(£,]’(lpomt)

- p q :
BTTA _((‘91 +&, )1/ 14 +lfﬂ2)+ﬁ2J{glJ. (1 point)
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In the unit system used here, the Gauss’s Law becomeV - E = 4zp , where p is the total

charge density.
The electric charge sheet density is
d 8d .
o= 4}'3.’(E1J' —Ezl) = A - - — (g, _i+i+gl) = - % 57 (1 point)
[x +y +d] & % [x +y +d}

Likewise, the Ampere’s Law now isV x B=4xJ , whereJ is the

electric current density. Do not deduct any points if g, 1s used instead ff
of 47 . Choose a point on the X-axis, and take a loop with length L and
nearly zero height. 2

s _8 8- p_8 AT

B =223, =-=L% , B ==13,. For aloop perpendicular to the X- N

X X X \ |

axis and along the Y-axis (pointing out of the paper plane), the path : E | 5
intggra} . Ny E<__5'f

¢ B-dl =B L3, ~ B} - L, =0-0=0. (1 point)

i

For a loop parallel to the X-axis as shown in the figure,

= 3 = — B - L L ZL
$B-dl =-B Li,+B) -Li, ="5 4+ =5 = =21,
!

X X X

. 2L —_— i
Le the surface current density be X, then —-2& = (ﬁB -dl =4xKL . (1 pont)
X 1

Using the right hand rule, we have K= —% ¥ » 1. €., pointing into the paper plane. In
X

& (3%, —3¥y)
27r (xf! +y2)3f2
Any other ways to reach the above expression for the current density are fine.

general, we have K = . (1 point)



