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Part-1 (Total 5 Problems) -1 (3£ 58)
(9:00 am — 12:00 pm, Feb. 15, 2013)

Q1 (9 points)
A bead of mass m and initial speed vq hits a uniform thin rod of mass m and length
L perpendicularly at one end, which initially rests on a horizontal plane.

a) If the other end of the rod is fixed on a hinge which allows the rod to rotate ¢
freely in the horizontal plane, and the bead stays on the rod after collision, find the mechanical
energy loss due to the collision.

b) If the rod is free to move on the plane and the bead stays on the rod after collision, find the
mechanical energy loss due to the collision.

c) The rod is free to move on the plane. The collision is elastic. The velocity of the bead is
perpendicular to the rod right after the collision. Find the angular speed of the rod, and the speeds of
the bead and the center of mass of the rod.
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Q2 (10 points)

Consider a pair of stars, with masses m; and mj, respectively, bound by their mutual gravity (binary system).
Denote their positions as r,(t) and T, (t), respectively.

a) Write down the differential equations for 1;(t) and T,(t).

b) Let 1 (t)= MEOTMLW® vy ¢ )i (1), find the differential equations for £ and 7.
m, +m,

c) Suppose initially r,(t=0)=0, and%(t =0) =0, solve the equation in b) forr_(t).

d) Assume that | F(t)|=a and a is a time-independent constant, find the solution in b) forr(t) with
initial conditionr (t =0) = aXx, .
e) The period of the orbital motion of a binary system, which is made of two neutron stars each having

1.0 solar-mass, is T =3.0x10"s. Find the distance between the stars. (G = 6.7 x 10** N m?/kg?, Mass
of the sun = 2.0 x 10*°kg,)
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Q3 (12 points)

A perfect conductor shell of radius R is charge neutral. Its center is at the origin of the X-Y coordinate. The
answers for the following should be expressed in terms of L, R, Q, and a fundamental constant, where L <R.

a) Find the work done by electrostatics to move a point charge g1 = Q from the shell center to (L, 0).
b) Another point charge g, = %Q is fixed at (RTZ, 0), find the work done by electrostatics to move the
point charge g; from the shell center to (L, 0).
c) If charge q; is fixed at (L, 0), find the work done by electrostatics to move charge g, from (o, 0) to
R?
(T , 0).
d) If charge q; is fixed at (L, 0), find the work done by electrostatics to move charge g, from (0, ) to

RZ
(O,T).
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Q4 (9 points)
Consider a faraway object with speed v and distance L from us. At one time, it is seen by us at certain
position in the sky. After some time At it is seen to have moved by a small angular displacement A« .

L-Aa

Visually, the lateral distance covered by the object isL-A«, and its lateral visual speed isv, . The

visual —
actual velocity of the object v is at an angle &to the line-of-sight.
a) If we observe the object by detecting the light it emits, find v,

of light c forv=0.9c and 8=45".
b) If we observe the object by the sound (sound speed is vs) it emits, like a bat tracking a moth, find
and the range of the object speed such that the object seems to move in the opposite direction

Verify if v, exceeds the speed

isual * isual

Vvisual !
asin a).

c) If we observe the object by detecting the solid beads emitted from it, and the relative speed between
the beads and the object is vp. All speeds are much smaller than that of light. Find v, . Can the
object seems to move in the opposite direction as in a)?

isual

Answers should be expressed only in terms of ¢ and the relevant speeds v, c, Vs, Or V.

SO 77)
—/NETEELE v, BRAOTMEEE L. %, FRATRESZW AT RSP —. i
THEAtZ )G, FEATWERERE T — AN ININANE Aa o« FATRIFI AR B S EN LAa ,

S BR FE EA :% IR B i A S S BT AR

a) WRVIMMAER B ENREES, KRRV, WS v=09c. 0=45HK v, ~&H
ot e,

b) AR AR A R RO B v )W EAE 5, A e ie B IR, SRR B0
BRI L v, ARLSERE AR @) HIRLSEIZ Bl 75 1) R B IR P4 1) 3 S0k 82 3

C) LR DAMMAR S ORI /INERVE NSRS 5, /INER S WD 8] (R AR T g v, o BT R o e
INT I, SRR R R FE v o KBTI DU 2144 S a) L5t iE 20 7 Al A I 138
B

AL ORI E v . oy v BUE v, RN

13

Q5 (10 points)
Consider the process of pumping a flat tire. The atmospheric temperature is T,. The atmospheric pressure is
Pa.. The initial pressure inside the tire is P;, and the temperature inside is also T,. After pumping, it reaches a
maximum pressure Pnax and temperature Tmax. The tire then cools slowly back to temperature T,, and the
pressure drops to the desired pressure Ps.
Note:
1. Air is ideal gas with heat capacity ratio .
2. The volume of the tire is a constant V.
3. The process of pumping is adiabatic.
4. Express your answer in terms of », Vo, Pi, Ta, Pa, Ps, R, and V,, for part-b.
@ Pumping by a large compressor (4 points)

The pressure of the air inside the compressor is P.. The temperature is T,. Both remain the same during
pumping. Find (i) the work done by the compressor, (ii) the internal energy gained by the air inside the tire
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(including the air pumped into the tire), and (iii) the minimum P, required to obtain the final desired
pressure Ps.
(b) Pumping by a small hand pump (6 points)

The volume of the pump is V. The air inside is initially at atmospheric pressure P,. Because V, is
very small, a large number of strokes of the hand pump is required. Assume that in the j-th stroke, the
pressure inside the tire is increased from Pj.; to P;, where Py = P;. Our model is that the air inside the pump
is first compressed adiabatically so that its pressure increases from P, to P;. Then it is transferred into the
tire under constant pressure P;. (i) Find the number of strokes needed to fill up the tire. (ii) Find the internal
energy gained by the gas after the j-th stroke in terms of P; and the given parameters. (iii) By using
integration as approximation of discrete sum, show that the pressure inside the tire just after pumping is
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FHRHE R ERES T )
Part-2 (Total 2 Problems) #-2 (3£ 2 /&)
(2:00 pm — 5:00 pm, Feb. 15, 2013)

Q1 Inertia Inductance and Negative Refraction Medium 15 ¥4 /&5 f 371 51 i
A conductor cylinder has certain electromagnetic inductance due to Faraday Effect. Its exact calculation is
quite challenging in mathematics. Its order of magnitude, however, is the same as the model in a).

A TR LR N RN, — NIRRT SR A — 5 BRI o T2 R A% SR AR E By A A R K
(ECEVEE0EA S e/ TNV I Eith a8
a) Consider an infinitely long cylinder of radius r. The electric current is uniformly distributed in the
cross section perpendicular to the cylinder axis. On the surface of the cylinder there is a thin shell of
conduct insulated from the cylinder that carries the current in the opposite direction. Find the
inductance per length. (1 point)
— TR R ERE T, A re FIRE AN 5 A0, JRREE BT SRR 1)
TN . PR R E A — B RN S A SRS 2RSS, B R 7 AR S .
RFEBRAKE R K. (17D
For the rest of the problem there is no shell on the cylinder as in a).
In a real conductor electrons (mass m) driven by external electric fields are constantly colliding with defects
and impurities. The average effect of such collisions is like a viscosity force fc =—-mv/z,where risa
constant parameter called collision time.
A0 S S it b 7o A
LR AR N R (BUR m)ESN RIS TER T iz, AN S SR G . R uaiE . fEE -y
HORA L TR f = —-mV /o, Hod o NE %, FRIERERER A .
b) Write down the differential equation for the velocity v(t) of an electron in the conductor in an

external electric field E(t) . Ignore electron-electron interactions. (1 point)

O SR BRSNS E() 1 FIgsh sy HfE . s IRIAM AR AT 285 . (14
c) Suppose E(t) = E,e"*, find the velocity of the electron. (2 points)

FAMINEI N E(t) = Eje, SRETFIZEAERE. (240
d) Suppose the electron number density in the conductor is n, find the electric current density J. (2
points)
SEPHEFIBESEE In, RBREEI. Q25
e) For a conductor cylinder (length D and radius r), find the relation between the voltage across the two
ends and the electric current. The inductance in a) can be ignored for the time being. (2 points)
K—KAN D, P12k r MEE AP RS B SR . 288 a)P R, (249
f) From the answer in e), identify the term which is like a resistor and the one which is like an inductor
L. L, is called inertia inductance because it is not due to Faraday’s law. (2 points)
1E e) P ATARER T, WHAMYTEME. B LML 2R LR, S5ER e
LK. 2499
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g) The resistance of a 1.0 zmlong metal wire is 1.0 ohm and the collision time is7 =2.0x10"° s at low
temperature, find the value of L;, and compare it with the inductance due to Faraday Effect. Which
one is much bigger? (x4, =47 %107 N/ A*) (2 points)

AT, KA 1.0um 48 SL K EL A 1.0 ohm, PR BN 7 =2.0x10° . K
PR Ly, IF5 BRI ) B L . BN R ? (1 =47x107 N/ A?). (251
For a wave A= A, cos(kx —at) , where @ =ck , c is the wave

speed. For conventional materials, ¢ is almost a constant, so k Vi Vin
increases with increasing @ . However, for some extraordinary
artificial materials, c is a strong function of @, so much so that k
decreases with increasing @ . Such phenomenon is called
Negative Refraction. It is like having a refraction index that is
negative. Consider an infinitely long chain of inductor-capacitor
(LC) as shown in the figure. The length of each LC segment is a.

FIE—5 A= Ajcos(kx—at) , Hrw=ck, cHBHE. X TAEGEME, c AEE, Wk b o 35N
M. fHi2, XTI E NTAHE, cilli oK, UETHE o GIK, ki &0
FIAESA S . WEFR, FE A TRKPRERER(LC) . FA LCHITHKEN a.
h) Find the differential equation that relatesV_ ,(t),V, (t), andV,_ ,(t). (5 points)
AV L) V() Vo O Fris 2 s k. (570
i) Assume a wave-like solutionV,_(t) =V,e' ™ find the relation between @ and k. (2 points)
WA TR, (1) =V, ™, oM KkHER. (24
J) Does the answer in i) imply Negative Refraction? (1 point)
i) )& RETEWRE NI AL (150D

Q2 Gravitational Waves 5| 773 (30 points) (30 43)

Gravitational waves (GW) are distortion, such as extension/compression, of space. The amplitude of a GW
is given by e = AL/ L, where L is the original length of space and AL is the change of length. So GW is like
elastic waves in solids, except that here space is the medium for the waves.

The necessary constants for answering the following questions are given below.

51 IR 2 2 8] B HH H AT (R e 4i) . 51 JIBHIIRIE N e = AL/ L, Horf L 2RI EA K,
AL FE 5| 3T 5 R R LA . Bt LA T3 SR T IR i 5 itk ise,  RANE 51 A3ipead LA TR A A oo
SRAE VLT AL H I 23 FH 21 DU ) B H 2

Speed of light in vacuum %% ¥i# ¢ =3.0x10°m/ s Mass of the sun & FHF & = 2.0 x 10*°kg
Gravitational constant 5| /7% %, G = 6.7 x 10™ N m?/kg® | Sun-Earth distance X H-HhEk I %= 1.5 x 10" m
Boltzmann constant J% 7% 2 3 = 1.4 x 102 J/K Mass of Earth iR Fi & = 6.0 x 10%* kg

e Generation of gravitational waves by a binary star system X{E & 477 4 151 F1i%
a) Shown in the figure is the space distortion by a heavy mass. Consider two stars
bound by their mutual gravity on a circular orbit. Their masses are M; and My, respectively. If
viewed sideway (in the orbital plane) from Earth, when the (visual) separation between two stars is
largest/smallest, is the space between the stars stretched or compressed? (1 point)
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b)

d)

b s o — B R Al AR A . 2B RSN 1 & 51 R E R s s 2 . e
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Such space disturbance in a) is propagating through space as gravitational waves. Suppose the
angular frequency of the orbital motion in a) isw, and the radius of the orbit is R, then the GW
emission power L of the binary is given by the expression L, = A*B"M°R*®°, where M is called the
reduced mass, M = M,M, / (M, +M,). The constant A is a fundamental physics constant related to

Relativity, and constant B is a fundamental physics constant related to Gravity. Determine the two
constants and their exponent powers a and b by using dimension analysis. (2 points)

R A P Bl 25 LA 51 73BN AMERE . CRIEZ I AMNEN o, BUIEFEA R,
W5 713 AR ThE AN L, = AB"M°R'0®, HH M =M M,/ (M, +M,) ZBZ1{LFiE. HFHA
e SRR, B oSS IR . FEN ikt AL BAIHER a.
b, (243

Suppose the motion and the mechanical energy of the binary can be described by classical mechanics,
find the total mechanical energy of the orbital motion of the binary system in terms of their orbital
period. (2 points)

&M% RIE BN BNRE. BRHAAKRHAMERR. 24

. : . : dT .
Estimate the numerical value of the orbital period decrease rate ’m due to gravitational wave

emission of a pair of neutron stars, each having 1.0 solar-mass, with orbital period T =3.0x10%s. (4
points)
FIB—NHBAEE DT REARMAUE RS, — NP TFERRES T RMEEE. SUEARRH

WIHT =3.0x10%s. P3| /e, ﬁ%,ﬁﬂéu%—:%ﬁﬁvﬁwn mﬁ%—:%i&ﬁo (44

The Sun-Earth can also be considered as a binary system. Find the time needed, in terms of years, for
Earth orbital period to reduce by 1 second. (2 points)

R FH-HER R RE PTRAOUR R S8 Al SRR 2 B J S/ 1D BT 5 (A ], DA AT
(293

e Estimation of the emission power of a pair of black holes right before coalescence occurs

At 5P R R 5 I 5 R T

f)

9)

A black hole can be regarded as a point object of mass M. Find the distance Rs from the black hole
where the escape velocity is equal to the speed of light c. (1 point)

ST E AR MBS . BEE IR R R IR E )9 co K Rse (173
Estimate the numerical value of the emission power of a pair of identical black holes, each having 2
times the solar mass, right before coalescence occurs by using the following procedure: i) Start from
the result in b), replace Rw by orbital speed v; ii) Take the distance between the two black holes as
2Rg; iii) Replace M by Rg; iv) Takev ~c . (3 points)

I PUR PR, Al RIS R GRS I 1 5 R %, — RIS T 24
KPBABTE: 0) H b)RIEE R, FPUEZEE v B Re: i) W BRI EEE N 2Rs: i) H RyfX
B M; iV)EXVzC . (3750

e Detection of gravitational waves 5| /7% 5
h) Estimate the space elongation around a black hole by using the following procedure.

As shown in the figure, consider a light beam from A to B. Without the black hole at

3
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)

K)

O the light will travel in a straight line AOB. With the black hole, the space is severely distorted and
the light beam will travel along the semi-circle ACB. The distortion of the space ¢ is close to 0.1, 1,
or 10? (2 points)

B LI BRR, Al E BT E . R, HE—AOUA AGFEE B, A RIFEA
TAAE, WDGZIE B2 AOBALAE . 27 O mif — i, 70 [a] 4L b A 6 2o v~ [ ACB 1% 4%
AL & 8L F 0.1, 1, 2 10?7 (243)

Suppose the GW amplitude at the distance Rs from a black hole is the value you choose in h), given
that the energy flux of GW is proportional to the square of amplitude, estimate the amplitude of G-
wave at 10* light years away. (3 points)

B 51 JIAE R B FRR R AL BIHRIE A URAE h) R BT M. C 151 0k i RE il & S5 IR IR -1
FRAEL, EEZS] AR S 106ESMRIE. (340

One type of GW detector is a straight uniform aluminum bar. As the bar is elongated by a GW by AL,
such distortion remains in the bar for several thousand seconds as a standing sound wave, which can
be detected by sensitive electronics. In the GW detection project AURIGA in Italy, the length of the
bar is 3.0 meters and the speed of sound in aluminum is 6.4x 10° m/s, determine the lowest resonant
frequency of the bar. (2 points)

— ARSI AT Ay — M 5| JJ AR AR o S S| JJBA AR AL, 130802 DL A BRI
FERAEAEME N IR BT B8l . 7ER KR AURIGA 31 PRI H , SREEIKE N 3.0 K,
AN 6.4x 10° mfs. SRABHERIRRILIRIR . (240

The length of the bar does not remain constant even without the GW because of the thermal
fluctuation. The amplitude of the length fluctuation can be determined by treating the vibration of the
bar as two half masses (1.1 x 10°kg) joint by a spring with the natural frequency equal to the
resonant frequency of the bar in j). Find the average vibration amplitude at 4.2 K due to thermal
fluctuation. (4 points)

T #ikv,  Aoke B0 R BMEFE A 51 DB L TR i . I ER iR i B AT B AR
AN AR B A(1.1 x 10° kg)FE — R 4 R RSN, IR T ) praR 13 A LR
o ORISR 42K I, KK SEREEKEKE. (47

Find the maximum distance within which AURIGA can detect a black hole coalescence event in g).
(2 points)

F AURIGA $45 g) 1 P/~ SRRl . Sk AURIGA e RN B REE RS . (249

m) At such distance in 1), suppose one millionth (10°®) of the energy released in the coalescence process

in g) is in the form of electromagnetic (EM) waves instead of GW, compare the EM wave energy
intensity Earth would be exposed to with that from the sun, which is 1.4 x 10°W/m?. Are we in
danger of global annihilation if this happens? (2 points)

RAE ) FTRASROEE RS, R SRR A B R A B 00 2 — (107°) A2 DL BRI O R T
SR, AHELTHuER 3252 BRI B REAE ST (1.4 x 103W/im?) |, 1% HREAR S 2 75 43t it sk
EMIRKA? (253

(THE END 35&)



